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PREFACE. 



PiTBLic opinion has pronounced the study of Algebra to be 
a desirable and important branch of popular education. This 
decision is one of the clearest proofs of an onward and sub- 
stantial progress in the cause of intellectual improvement in 
our country. A knowledge of algebra may not indeed be 
regarded as strictly necessary to the discharge of the common 
duties of life ; nevertheless no young person at the present 
day is considered as having a " finished education" without 
an acquaintance with its rudiments. 

The question with parents is, not *' how Utile teaming and 
discipline their children can get through the world with ;" 
but, " how much does their highest usefulness require ;" and 
" what are the best means to secure this end V 

It has long been a prevalent sentiment among teachers and 
the friends of education, that an abridgment of Day's Alge- 
bra, adapted to the wants of schools and academies, would 
greatly facilitate this object. Whilst his system has been 
deemed superior to any other work before the public, and 
most happily adapted to the circumstances of college students, 
for whom it was especially prepared ; it has also been felt, 
that a smaller and cheaper work, combining the simplicity of 
language and the unrivalled clearness with which the princi- 
ples of the science are there stated, would answer every pur* 
pose for beginners, and at the same time bring the subject 
within the means of the humblest child in the land. 
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In accordance with this sentiment, such a work has been 
prepared, and is now presented to the public. The design 
of the work is to furnish an easy and lucid transition from 
the study of arithmetic to the higher branches of algebra arid 
mathematics, and thus to subserve the important interests of 
a practical and thorough education. 

Its arrangement, with but few exceptions, is the same as 
that of the large work. For the sake of more convenient 
referencCj the division by compound divisors, and the bino- 
mial theorem, both of which were originally placed after 
mathematical infinity, are brought forward, the former being 
placed after division of simple quantities, and the latter after 
involution of simple quantities. The reason for deferring 
the consideration of compound division in the original, was 
the fact that some of the terms contain powers which it is 
impossible for pupils at this stage of their progress to under- 
stand. To avoid this difficulty in the present work, whenever 
a power occurs, instead of using an index before it has been 
explained, the letter is repeated as a factor in the same man- 
ner as in multiplication, and also in dividing by a simple 
quantity. (Arts. 80, 94.) Afterwards, under division of 
powers, copious examples of dividing by compound quantities 
which have indices, are given. 

As continued arithmetical proportion and arithmetical pro- 
gression are one and the same thing, they are placed con- 
tiguously in the same section. For the same reason conti- 
nued geometrical proportion and geometrical progression are 
placed in a similar manner. Mathematical infinity, roots of 
binomial surds, infinite series, indeterminate co-efficients, 
composition and resolution of the higher equations, with equa- 
tions of curves, are subjects which belong to the higher and 
more difficult parts of algebra, and it has been thought ad- 
visable to omit them in the abridgment. Those who have 
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leisure and are demroua of acqairing a knowledge of these 
subjects, will £nd them explained with all the author's aoeus- 
tomed clearness and ability in his large work, to which they 
are re^pectfulty referred. The similarity between the ope- 
rations in addition^ subtraction, multiplication and dirision of 
radical quantities, and those of the same rules in powers ; 
also between involution and evolution of radicals, and of pow- 
ers, has been more fully developed, and the rules of both are 
expressed in as nearly the same language as the nature of 
the case would admit. It has also been attempted to illus- 
trate the '^ Binomial Theorem," on tho principles of induc- 
tion 'j the second method of completing the square in qua- 
dratic equations has been demonstrated ; and other methods 
of completiag the square pointed out, which, so far as the 
author knows, are original. 

It was a cardinid point with the distingaisfaed author of the 
large work, never to use one principle in the explanation of 
another, until it had ftself been explained, a characteristic of 
rare excellence in school-books and works of science. This 
plan has been rigidly adhered to, in the preparation of the 
abridgment. After the principles have been separately ex- 
plained^ find illustrated by examples, they have then been 
carefully summed up in the present work, and placed in the 
form of a general rule. This^ it is thought by competent 
judges, will be found very convenient and useful both to 
teachers and echolarsi By this means the peculiar advan- 
tages of the inductive and synthetic modes of reasoning have 
been united, and made subservient alike to the pleasure and 
fjEu^ility both of imparting and acquiring knowledge. 

As a guide to the attention of beginners to the more im- 
portant principles of the science, a few practical questions 
are placed at the foot of the page. They are intended to be 
merely suggestive^ No thorough teacher will C(mfine himself 
!• 



Vi ' " PREPACK. 

to the questions of an author, however full and appropriate 
they may be. From a conviction that the answers to prob- 
lems have a tendency to d€$troy rather than promote habits 
of independent thinking and reasoning in the minds of learn- 
ers^ they have nearly all been excluded from the book. Fdr 
the convenience of teachers and others, who may etatertttin 
different views upon this point, the answers are given in a 
Key, in which may also be found a statement and solution 
of. the more difficult exam^^es contained in the work. 

The formation of correu habits of study and of thought , 
together with the eostermination or prevention of had ones, 
requires the utmost vigilance and skill on the part of teach- 
ers. They must insist upon thoroughness^ upon '^ the why and 
wherefore^^ of each successive step, or, in most cases, their pu- 
pils will fall into superficial and mechanical habits'^ which are 
equally destructive of high attainments and future usefulness. 
To mould the youthful mindright^ is an arduous and responsi- 
ble task ; sufficient to crush the jaded spirit and shattered 
nerves of a poorly paid teacher. Nevertheless it is a high 
and TiobUy as well as indispensable work. Every conscien- 
tious teacher therefore, who appreciates the importance of his 
profession, or is worthy to be entrusted with this responsible 
charge, will cheerfully devote his energies to the work, what- 
ever mav be the sacrifice, or resign his trust to more faithful 
and able hands. " In mathematics as in war, it should be made 
a principle," says the author of the large work, " not to advance^ 
while anything is left i/»coft^ttere(Z behind. Neither is it suf- 
ficient that the student understands the nature of the propo- 
sition, or method of operation, before proceeding to another. 
He ought also to make himself familiar with every step, by a 
careful attention to the examples," It is emphatically true 
in algebra, that " practice makes perfect." For this reason 
the number of problems in the present work has been nearly 
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doubled ; the most of those added are original, and are calcu- 
lated to make the principles of the science more familiar. 

The merits of Day's Algebra are too well known and ap' 
predated to require any comment. The fact that it has been 
adopted, as a text*book, by so many of our colleges and higher 
seminaries of learning ; that during the last fourteen years 
more than forty large editions have been called for, affords 
sufficient evjHence of thie superior rank which it holds in 
public estimation. ~ 

With regard to the abridgment, it is fervently hoped that 
all .who have felt the want of a lucid introductory work upon 
this subject, .will here findUhjS; faliiJment of- their* wishes.* 
Those teachers who have, used the large work in their colle- 
giate course or elsewhere, and who may have occasion to use 
this, will at least be saved from the inconvenience of unlearn- 
ing one set of rules, and of learning a new and perhaps an 
infef ior set, a w-ork by no means unfreqitent^ and of no small 
iS%!Ekg^uu4s aqd pwpUxity. On the other kaqd, those scholars, 
who chance to use the abridgment in their preparUory course, 
will avoid the necessity. of unlearning its rules and modes ot 
Operation in algebra, should they have occasion to use the 
hairge work in the subsequent part of their education. 
• It has beeb the endeavor of the author to divest the study 
of algebra, oi»ce ao formidable, of all its intricacy and repuK 
siveness,* to illustrate its elementary principles so clearly^ 
that any school-boy of ordinary capiicity may understand and 
apply them ; and thus to render this interesting and useful 
science more attractive to the young. With what success 
these efibrts have been attended, it remains for his fellow 
teachers and an impartial public to decide. 

J. B. THOMSOlf. . 
New Haven, May 20, 1843. ^ 



NOTICE. 



Having been myself preyented, by impaired hemltb, and 
official engagements, from preparing an abridgment of my 
Introduction to Algthra, I applied to Mr. J. B. Thomson, to 
abridge the work, in such a manner as to adapt it to the de- 
mand and use of the higher schools and academies. 

I had confidence in his mathematical talents and attain- 
ments, and his practical knowledge, derived from several 
years' experience in teaching algebra, as qualifying him to 
make the abridgment proposed \ and I am gratified to find, 
on examination, that our design has been skilfully and satis- 
factorily executed. The abridgment, it is hoped, will be fa- 
voraUy received, by those who approve of the original work 

J. DAY. 
Yale OoUege, May 29, 1843. 
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ALGEBRA. 



SECTION I. 

) INTKODT70TION. 

Art, 1. Algebra is ageneral method of solving problems^ and 
of investigoHng the relations of quantities by means of letters 
and signs. 

I L L tr d T R A T I N . 

Pros. 1. Suppose a man divided 72 dollars among his 
three sons in the following manner : To A he gave a certain 
numher of dollars ; To B he gave three times as many as to 
A ; and to C he gave the remainder^ which was half as many 
dollars as A and B received. How many dollars did he give 
to each 1 

1. To solve this prohlem arithmetically^ the pupil would 
reason thus : A had a certain part^ i. e. one share ; B received 
three times as much, or three shares; but C had half as much 
as A and B ; hence -he must have received two shares. By 
adding their respective shares, the sum is six shares^ which 
by the conditions of the question is equal to 72 dols. If then 
6 shares are equal to 72 dols., 1 share is equal to I of 72, 
viz. 12 dols., which is A's share. B had three times as many, 
viz. 36 dols., and C half as many dols. as both, viz. 24 dols. 

Quest. — What is algebra 7 How solve Prob. 1 arithmetically ? 
2 
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2. Now to solve the same problem by algebra^ he would nse 
letters and signs ; thas, 

Let X represent A's share ; then by the conditionsi 

xxS will represent B's share ; and 

4<c-h2 will represent C's share. 

Add together the several shares^ or a: s j tjus, x+ 3a?+2dP= 
6x. Then will 6a;=72, for the whole is equal to all its parts ; 
and 107=12 dols< A's share; 3x=:d6 dols. B's share; and 
2a?=24 dols. C's share. 

Proof. Add together the number of dollars received by 
each, and the sum will be equal to 72, the amount divided. 

In this algebraic solution it will be observed ; Firsts that 
we represent the number of dollars which A received by ar. 
Second^ to obtain B's share, we must multiply A's share by 3. 
This multiplication is represented by two lines crossing each 
other like a capital X. TMrdy to find C's share, we must 
take half the sum of A's and B's share. This division is 
denoted by a line between two dots. Fourth^ the addition of 
their respective shares is denoted by another cross formed by 
a horizontal and perpendicular line. Take another example. 

Frob. 2. A boy wishes to lay out 96 cents for peaches and 
oranges, and wants to get an equal number of each. He 
finds that he must give 2 cents for a peach and 4 for an 
orange. .How many can he buy of each 1 

Let X denote the number of each. Now since the price of 
one peach is 2 cents, the price of x peaches will be or x 2 
cents, or 20? cents. For the same teason arx4, or 4r cents^. 
will denote the price of x oranges. Then will 2x+4fa?, thsti 
is, 607, be equal to 96 cents by the conditions, and \x is equal 

Quest. — ^How by algebra ? How denote A's share ? How B's and 
C's? Wbat is the share of each? In Prob. 2, how represent the 
number of each kind? What represents the price of each kind? 
The Ans. ? 
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|o i of 96 eenta, ra» 16 cents, which it the number he bought 
of each. 

2. QuAit^Tisa in algebra are generally expressed by 
leiter$j as in the preceding problems. Thus b may be put 
for 2 or 15, or any other number which we may widi to 
express. It mast not be inferred, however, that the letter 
used, has no deiermmaU ralue. Its value is fixed for the oc* 
easion^ or problem on which it is employed ; and remains te»- 
aUtred throughout the solution of that problem. But on a 
d^ermt occasion, or in another problem, the same letter may 
be put for any other number. Thus in Prob. 1, x was put 
for A's share of the money. Its value was 12 dols. and re- 
Ddained fixed through the operation. In Prob. 2, « was put 
for the number of each kiad of fruit. Its value was 16, and 
it remained so through the calculation. 

3. By the term quontity^ we mean anything which can be 
multiplied^ divided^ or measured. Thus, a /»ne, toe%A^, iime^ 
number^ &;c., are called quantities. 

4. The firet letters of the alphabet are used to express 
known quantities | and the last letters, those which are tm- 
known. 

5. Known quantities are those whose values are given, or 
may be easily inferred from the conditions of the problem 
under consideration. 

6. Unknown quantities are those whose values are not 
given. 

7. Sometimes^ however, the quantities, instead of being ex- 
|>ressed by letters, are set down in figures, 

QussT. — How are quantitiefl expressed in algebra ? What does each 
letter stand for ? Has the letter used no determinate value ? What is 
xneant by quantity ? Give examples. Which letters are used to denote 
known quantities ? Which unknown ? What are known quantities ? Un- 
known ? Are figures ever used in algebra ? 
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8. Besides letters and figures, it will illso be seen Aat w^ 
use certain signs or characters in algebra to indicate tbb rela* 
iions of the quantities, or the apert^ions which are to be per- 
formed with thefn, instead of wilting out these relations and 
operations in words. ' Among these is* the sign of addition 
(+), subtraction (— ), «4^i*y (==)>^c» 

9. Addition h represented by two lines (+), one horizoa«» 
tal, the other perpendicular, forming a cross, and is called 
plus. It signifies *'more," or *^ added to." Thus tf-f A sig- 
nifieis that bis to be added to a. It is read a pka ^, or n add- 
ed to 6, or a and b. 

10. Subtraction \s represented by a short horizontal line 
(— ) which is called minus. Thus a^b^ signifies that b is 
to be '* subtracted " from a\ and is read a minus &, or a 
less b* 

11. The sign + is prefiiced to quantities which are con- 
sidered as positive oraffirmative ; arid the sign — , to those 
which are supposed to be negative. For the nature of this 
distinction, see Arts. 36 and 37. 

12. The sign is generally omitted before the first or leading 
quantity, unless it is negative ; then it must always be writ- 
ten. When no sign is prefixed to a quantity, -\- is always 
understood. Thus a+6 is the same as+a+6. 

13. Sometimes ^oM-f and — (the latter being put under 
the former, db) are prefixed to the same letter. The sign is 
then said to be ambiguous. Thus adtb signifies, that in cer- 

QuEST. — What besides letters and figures are used in algebra ? What 
is the sign of addition? How read? What does it signify? How is 
subtraction represented ? What called ? What signify ? What sign 
have positive quantities ? What negative ? What is said as to the 
sign of the leading quantity? When none is expressed what sign is 
understood ? When both -f- and — are prefixed to the same letter, what 
18 the sign called ? What does it show ? What are like signs ? What 
unlike? 
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tain eases^ comprehaiided in a geaeral solitiion, 6 is to be atid 
ed to a, and ia other caiea subtracted from it* 

O^er.. Whea oli the signs nreplus^ ox all mnus, they are 
said to be alike ; when losie are plus and Mers minus, they 
are called unlike. 

14. The equality of two quantities, or sets of quantities, is 
expressed .by two parallel lines r=. Thus a+bs=:d^ signifies 
that a and ( together are equal to d. So 8+4s=:16-*4=10 
+2=7+2+3. 

' 15. When the ^rst of the two quantities compa;red, is 
greaier than the other, the character > is placed between 
them. Thas a>& signifies that a is greater than b. 

If the first is IfMs than the other, the character < is used i 
as a<6 ; i. e. a is less than 6. In both cases, the quantity 
towards which the character opens^ is greater than the other. 
/ 16. A numeral figure is often prefixed to a letter. This is 
called a co^efficieni. It shows how often the quantity expressed 
by the letter is to be taken. Thus 26 signifies twice 6 ; and 
96, 9 times 6, or 9 multiplied into b. 

The co-efficient may be either a whole number or a frac 
tion. Thus J6 is two thirds of b. When the co-efiicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la ; i. e. onee a, . 

17. The co-efficient may also be a fetter, as well as a figure. 
In the quantity m6, m may be considered the co efficient of 
b 'j because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then mb is six times b. In 3a6c, 3 
may be considered as the co*efficient of abc ; 3a the co«effi- 
cient of be ; or 3a6, the co-efficient of c. 

Quest. — ^How is eqnftlity represented ? How inequality ? What is a 
co-efficient? What doe» it show? When no co-efficient is expressed, 
what is nnderstood? Is the co-efficient always a whole number? Is It 
always a figure ? 

2* 
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18. A simple qiwatity is either a single letter os numher^ 
or several letters conneeted together wifhatu 8i^s.+ and 
— . . Thus a, aby abd and 86, ejre each of them simple qaan* 
titles. , . 

19. A compound quantity consists of a numher of simple 
quantities eonnee ted hy the sign + or — « Thus a+6, ^"^Vt 
6-^J4-3A, are each compound- quantities. The jnembevs oU 
which it is composed are called terma. t ' 

20. If there are two terms in a compound quantity, it is 
called a binomial* Thus a+6 and a-r-h are binomials. The 
latrer is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three .terms, is sometimes called vl. trinomial.; one of four 
terms, a quadrinomial^ &c. ■ , - ^ 

21. When the several members of a eompound quantity 
are to be subjected to the same operation, they must be con- 
nected by a line ( — — ) called a vinculum^ or by a parenthe- 
sis ( ). Thus b—b-\-c, or a— (6-f c), shows that the sum of 
6 and c is to be subtracted from a. But a—h-\-€ signifies 
that b only is to be subtracted from o, while c is to be added. 

22. A single letter,^or a number of letters, representing 
any quantities with their relations, is called an algebraic ex- 
pression, or formula* Thasa+6-|-3<i is an algebraic expres* 
sion. 

23. Multiplication is usually denoted by two oblique lines 
crossing each other thus x . Thus «x 6 is a multiplied into 
bi and 6 x3 is 6 time* 3, or 6 into 3. Sometimes a pmni is 

Quest.— What is a simi)le quantity ? A eompound ? If there are two 
terms, what is it called ? Three ? Four ? Whea several terms are sub- 
jected to the same operation, how is this shown ? What is an algebraic 
txprtsston^ ox formula ? la how many ways is multiplication represented 1 
First? Second? Third? 



used to indicate multiplicatioii. Thtts a , bin the same^s 
a-xb. fiat the sign of multiplieation is more comnionly 
oqiiitted, between simple qaantities i and the letters are con- 
nected together in the form of a word or syllable. Thus ab 
is the same as a . 6 or axb. And. bcde is the same as 5 x c 
Xdxe. When a compound quantity is to be multiplied, a 
vinculum or pmt^nthesis is used, as in the cnse of subtraction. 
Thus the sum of a and b multiplied into the sum of c and ^, 
IS a-{-b X c+df, or {a+b) X (c+cfj. And (6+2) X 5 is 
8x5, or 40. But 6 + 2x5 is 6+10, or 16. When the marks 
of parenthesis are used, the sign of multiplication is frequently 
omitted. Thus (a?+y) {x—y) is (ar+y) x (x—y)' 
V 24. When two or more quantities are multiplied together, 
each of them is called a factor. In the product aby a is a 
factor, and so is b. In the product a?x(o+TO), x is one of 
the factors, and a-\-m the other. Hence every co*efficient 
may be considered a factor. (Art. 17.) In the product 3y, 
3 is a factor as well as y. 

25. A quantity is said to be resolved into factors^ when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus 3a5 may be resolved into 
the two factors 3a and ft, because 3a x 6 is Zah. And ^amn 
may be resolved into the three factors 5a, and m, and n. 
And 48 may be resolved into the two factors 2 x 24, or 3 x 16, 
or 4 X 12, or 6 X 8 ,• or into the three factors 2 x 3 x 8, or 4 x 
6x2, &c. 

26. Dj'mton is expressed in two "ways: 1st. By a hori- 
zontal line between two dots -i-, which shows that the quan- 
tity preceding it, is to be divided by that which follows. 
Thus, a-r-Cy is a divided by c. 

QcEST. — ^What is a factor ? When Is a quantity resolved into factors ? 
Factors of 3ai? bamn ? 48 ? In how many ways isTfitrinon expressed ? 
First? 
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2d. Divlciion is more commosaly ^depressed in the form of a 
fraction^ putting the dividend in the place of the numerator^ 

and the divisor in that of the denominator; Thus - is a divid- 



ed by 6. 

27. When four quantities are proportional^ the proportion 
is expressed by points, in the same manner asjn the Rule of 
Three in arithmetic. Thus aibiici d signifies that a has 
to 5, the same ratio which c has to d. And ab: cdii a-^-m : 
5-]-n, means that ab is to ccf, as the sum of a and m, to the 
sum of b and n. 

28. Algebraic quantities are said to be alike^ when they 
are expressed by the same Utters^ and are of the same power; 
and unlike, when the letters are diflferent, or when the same 
letter is raised to different powers.* Thus ab, 3aJ, --^, 
and — 6a^, are like quantities, because the letters are the 
same in each, although the signs and co-efficients are difi«r 
ent. But 3a, 3^, d(bx, are unlike quantities, because the l<t* 
ters are unlike, although there is no difference in the sig-ns 
and co-efficients. So a?, xx, and xxx, are unlike quantities, 
because they are different powers of the same quantity. 
(They are usually written a?, x^, and a?^) And universally if 
any quantity is repeated as a factor a number of times in one 
instance, and a different number of times in another, the pro- 
ducts will he unlike quantities ; thus cc, cccc, and c, are un- 
like quantities. But if the same quantity is repeated as a 
factor the same number of times in each instance, the products 
are like quantities. Thus aaa, aaa, aaa, and aaa, are liJu 
quantities. 

Qu£8T. — Second ? The most commoit? How is proportion expressed 7 
What are lUu quantities ? Unlike ? MThat kind of quantities are 3a& and 
6a& f aa and aaa ? aa and aai xx and xxx ? 

* For the notation oipcywers and rooUy see seetions Vni^ IX. 
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29i One qcmntky is said to be a invltiple of another, when 
the former contains the latter*a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a \ and 24 is a 
multiple of 6. 

30. One quuiiity is said to be a measure of another, when 
the former is contained in the latter any number of times, 
without a remainder. Thus 36 is a measure of 155 ; and 7 
is a measure of 35. 
\ 31. The value of an expression, is the number or quantity 
for which the expression stands. Thus the value of 3+4 is 
7; of 3x4 is 12: of i' is 2. 

32. The RECIPROCAL of a quantity^ is the quotieni arising 
from dividing a unit by thai quantity. The reciprocal of a 

is — 5 the reciprocal of a+b is — - ; the reciprocal of 4 is — . 

33. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &c., m^y be supposed 
to represent any given quantities t 

£x. 1. The product of a, b and c, divided by the difference 
of c and J, is equal to the sum of b and c added to 15 times A. 

J^ns. -^=6+c+15A. 
c—d 

2. The product of the difference of a and h into the sum 
of by c and d, is equal to 37 times m^ added to the quotient 
of b divided by the sum of A and b. 

3. The sum of a and 5, is to the quotient of b divided by 
c, as the product of a into c, to 12 times A. 

4. The sum of a, b and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d. 

5. The quotient of 6 divided by the sum of a and 5, is equal 
to 7 times J, diminished by the quotient of 6, divided by 36. 

Quest. — When is one quantity a multiple of another? When a meas- 
ure / What is the value gf an algebraic expression ? What is the reci- 
procal of a quantity ? 
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34. -What w31 the following ezpreMiotis become, when 
words are substituted for the s^ns I 

A a+c 
Ans. The sum of a and k divided by A, is equal to the pro- 
duct of dt, 6 and c diiDinished by 6 times m, and inoi^eased by 
the quotient of a divided by the sum of a and c. 
, 3A-C . A 

8. a+7^A+z)-|zg=(a+A)(6-c.) 

9. a-5:ac::^:3x(A+J+y). 



10. 



a 



-A , J-fa6 5ax((/+A)_ C(f 



2-{-(^— c) 2m am h-^-dm 

35. At the close of an algebraic process it is often neces- 
sary to restore the numbers for which letters have been sub- 
stituted at the beginning. In doing this the sign x must not 
he omtiled between the numbers, as it generally is between 
factors expressed by letters. Thus if a stands for 3, and b 
for 4, the product ab is not 34, but 3x4, i. e. 12. Suppose 
0=2; b=i; c=2; d=6i ot=8; and n=10. 

Find the value of the following algebraic expressions. 

11. ^4^ +»i»=i2ll+3+8x 10=9+3+80=92. Ans. 

&+i«n &c+n ^ 4+80 4x2+ lO ^g \^^ 
cd Bd 2x6 3x6 

13. ^±^+6cm-!^2i*f!L 14. bm+^tt^^?t^. 
c ba d Bed 

15. abm+-^,+2n. 16. (a+c)x(»-«)+^ZL5-«. 
«»— 6 TO— a 

17. ^(^+£) I afrc- (g+^)x(w-J) 
n^d »— 6c 
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18. ^+^^+Ti-ff + (4rf-*)x(a-c) 

2n+B > n 



POSITIYB AND NSGATITB QUAHtXTIEB. 



36. A posiTiYS oar AFVuagAnvz qiuntiiy is one which ia to 
be added, and has the sign+prefixed to it* (Art. 11.) 

37. A NEGATiyE quanta^ is one which is required io be sub- 
TBAOTED) and has the sign — prefixed to it. 

Wbea several quantities enter into a calculation, it is fre* 
quently necessary that some of them should bo added toge- 
ther, while others are subtracted* 

If, for instance, the profits of trade are the subject of cal- 
culation, and the gain is considered positive, the loss will be 
negative ; because the latter must be subtracted (rom the form- 
er, to determine the cl^ar profit. If the sums of a book ac- 
count are brought into an algebraic process, the debt and 
the credit are distinguished by opposite signs. 

38. The terms positive and negative, as used in the mathe- 
matics, are merely relative. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purposes which they are to answer in calculation, some 
such opposition as requires that one should be subtracted from 
the other. But this opposUion is not that of existence and 
non-existencty nor of one thing greater than nothing, and ait- 
other less than nothing. For in many cases either of the signs 
may be, indifferently and at pleasure, applied to the very same 
quantity; that is, the two characters may changb pla- 
ces. In determining the progress of a ship^ for instance, her 

Quest.— What is a positive quantity ? What sign has it ? What is a 

negative quantity ? What sign has it ? In business transactions, how it 

the gain considered 7 Loss ? Mow are the terms positive and negatire 
used in mathematics ? Imply what ? 
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eastiog may be mafked+) and her westing—; or the westing 
may be-}-, and the easting—. All that is necessary is, 
that the two signs bc^ prefixed to the quantities, in such a 
manner as to show, which are to be added, and which sub- 
tracted. In different processes, they may be difierentJy ap- 
plied. On one occasion, a downward motion may be called 
positive, and on an'other occasion negative. 

39. In every algebraic calculation, some one of the quan- 
tities must be fixed upon to be considered positive. All other 
quantities which will increase this, must be positive also. But 
those which will tend to diminish it, mdst be negative. In a 
mercantile concern, if the stock is supposed to be positive, 
the profits will be positive 5 for they increase the stofek ; they 
are to be added to it. Bat the losses will be negative ; for 
they diminish the stock ; they are to be subiracted from it. 

40. A negative quantity is frequently greater than the posi- 
tive one with which it is connected. But 4iow, it may be 
asked, can the former be subtracted from the latter! The 
greater is certainly not contained in the less : how then can 
it be taken out of it 1 The answer to this is, that th« greater 
may be supposed first to exhatist the less, and then to leave a 
remainder equal to the difiference between the two. If a man 
has in his possession 1000 dollars, and has contracted a debt 
of 1500 5 the latter subtracted from the former, not only ex- 
hausts the whole of it, but leaves a balance of 500 against 
him. In common language, he is 500 dollars worse than 
nothing. 

41. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 

Quest. — Hpw determine which quantities are positive ? Negative ? 
Is a negative quantity ever greater than a positive, with which it is 
connected ? How subtract the former from the latter in such a case 7 
Give examples. Does a negative quantity ever stand alone? What 
denote 7 



/ 
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a/(M»e. It has the Bign of subtraction, without being con- 
nected with any other quantity, from which it is to be sub- 
tracted. This ikniotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 d^rees north of the equator, 
is considered positive, and if she sails south 25 degrees : 'her 
motion first dimirmhes her latitude, then reduces it to noth- * 
. ivgy and finally gives her 5 degrees of south latitude. The 
sign — prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees pi north latitude. 

42. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0> when it belongs on 
the positive, side. Thus, in speaking of the degrees of a 
thermometer, 0+6 means 6 degrees above 0; and 0—6, 6 
degrees below 0. 

AXIOMS. 

48^ An AXIOM is a selfevideni proposition. 

1. If the same quantity or equal quantities be added to 
equal quantities, their sums will be equal. 

2. If the same quantitj^ or equal quantities be subtracted 
from equal quantities, tke remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5» If the same quantity be both added to and subtracted^ 
from another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

Quest. — What is meant by subtracting a quantity from ? Added to 
6 ? What is an axiom ? Name some. 
3 
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7. Quantities idiich are refipectiveljr equid to any alter 
quantity, are equal to eack other. 

8. The whole of a quantity ia greater than: a part. 

9. The whoU of a quantity is equal to all its porta. 



SECTION II. 

ADDVriON. 



Art. 44. Ex. I. John has x marbles and gains b marbles 
more; How many marbles has he in all 1 

In this example we wish to add x marbles to b marbles. 
But addition in algebra is denoted by the sign +• Hence 
x+b is the answer : i. e. John has the sum of x marblea add- 
ed to b marbles. 

2. What is the sum of Bb dollars added to the sum of c 
dollars and / dollars % 

By algebraic notation, 3b+c+f dollars »s the answer. 

45. The learner may be curioms to know how many mar- 
bles there are in x+b marbles; and kom many dollars in 
3b+c+f dollars 1 This depends upon the number each let' 
ier stands for. But the questions do not decide what this 
number is. It is not the objecty in adding them, to ascertain 
the specific value of x and y, or of b, c, and /; but to find 
an algebraic expression, which will represent their sum or 
amount. This process is called addition. Hence * 

46. Admtion in algebra may be defined, the connecting of 
several quantities with their signs in one expression. 

Quest. — How is addition denoted ? Write the sum of a, 6, c, andi. 
What is this process called ? Define addition. 
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47. Quantitiegtndy be added^ by foriting them one after anoiheTf 
wifAout altering their sigm. 

N. B. A quantiiy to which no sign IB prefixed IB aly^vys to he 
0oik9idered positive^ i. e. the sign -f- is understood. (Art. 12.) 

What is the sum of a+in, and b — ^8, and 2h — 3-\-tnd 1 

a-|«m-f-5— 8+2A— 3«+rf. Ans. 
, 48. It is immaterial in ivhat order the terms or letters are 
arranged. If you add 6 and 3 and 9, the amount is the 
same, whether you put the 6, 3, or 9 first, viz. 18. But it is 
frequently more convenient and therefore customary to arrange 
the letters alphabetically. 

49. It often happens that the expression denoting the sum 
or amount^ can be simplified by reducing several terms to 
one. Thus the amount 2a4.7a-{-4a, may be abridged by 
uniting ihe three terms in one. Thus 2a added to 7a is 9a, 
and 4a added to 9a makes 13a. Or 2a-|-7a-|-4a=:13a. 

There are two cases in which reductions can be made. 

50. Case I. When the quantilies are alike and the signs 
alike^ as -j-4ft-[-5/^, or — 4y — 3y, &c. Md the co^eficients^ 
annex the common letter or letterSy and prefix the common sign* 

SXAMPLE s. 

1. What is the sum of 3a, 4a, and 6a ? 

3a-f4a4^6a=13a. Ans. 

2. 3a;y 3. Ib-^ xy 4. ry-^-Sabh 5. cdxy-^-Smg 
Ixy 8^-j-3a:y 3ry-f- abh 2cdxy-\- mg 

xy U-^-^xy 6ry-\Aabh 6cdxy-\-7mg 

2xy 66-[-5a?y 2ry-|- abh Icdocy-^-Brng 

N. B. The mode of proceeding is the same^ when all the signs 
are — » Thus — 36c — be — 56c = — 96c. 

Quest. — ^How add quantities ? When no sign is prefixed to a quantity, 
what is understood ? In what order are the terms ox letters generally 
arranged ? Why ? Can expressions denoting the sum, ever be simplified I 
How? Case first 7 
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7. — ax &. — 2alH^ my 9. — Bach — 9bdy 

— 3ax — ab — 3my — ach — kfy 

— 2ax . — lab — Snty — 5ach-^7bdy 

51. Case II. When the quamities &re alike, but the 9igH$ 
unlike, sls +9b and -r-66; 

Take the less co-efficient from the greater ; to the difference, 
annex the common letter or letters, and prefix the sign of the 
greater co'ejfficient^ 

Suppose a man's loss $500 and his gain $2000. The alge^ 
braic notation is — 500-f-2000, i. e. $500 is to be subtracted 
from his stock, and $2000 added to it. But it will be the same 
in effect, and the expression will be greatly abridged, if we 
add the difference between $500 and $2000, viz. $1500, to 
his stock. 

10. What is the sum of 16ab and — lab 1 Ans. 9ab. 

11. 12. 13. 14. 15. 

To +4^b bbc 2hm — dy-{-6m Sh— dx 

Add — 6b — 76c — 9hm 4fdy — m 6h-{-^dx 

53. If several positive, and several negative quantities are 
to be reduced to one term ; first reduce those which are posi- 
tive, next those which are negative, and then take the differ- 
ence of the co-efficients of the two terms thus found. 

16. Reduce 136-f-66+6--46— 56— 76, to one term. 
136+'66-|-6=2065 and— 4.6— 56— 76=;— 166. 

Then 206- 166=46. Ans. 

17. Add 3xy — xy-{-2xy — lxy'\-4sOcy^9xy-\-'7xy — 6xy.- 
* 18. Add iiad—ead-^-ad+lad^^ad^dad—Sad—itad, 

19. Add 2a6»i — abm-^-labm — ^abm-^-labm. 

20. Add axy — laxy+Qaxy — axy — Saxy-\-9axy, 



Quest. — How ate like quantities added when their signs are unlike ? 
When several positive and several negative quantities are to be reduced to 
one term, how proceed ? 
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54. If two equal qomititieft hare contrary iigns^ they destroy 
each other^ and may be cancelled. Thus ^66—66=0. And 
(3x6)-18=0, so 76c— 7^=0 

55. If the letteri^ or quantities in the several terms to be added^ 
are unlike, they can only be placed after each other^ ivith their 
proper signs. (Art. 47.) 

21. If 4^, and -<*-6y, and 3x, and 17A, and — 5i, and 6. be 
added ; their sum will be 46— 6y4-.3a?+ 17A— 5(i-f-6. 

22» Add 00, aaOy to xx, xxx and xxxx* 

Difierent letters, and difierent powers of the same letter, 
can no more be united in the same term, than dollars and 
guineas can be added, so as to make a single sum. Six guin- 
eas and four dollars are ireither ten guineas nor ten dollars. 

.56. From the foregoing principles we derive ^e following 

GENERAL B t7 L £ FOR ADDITION. 

Write doion the quantilies to be added without altering their 
signs, placing those that are alike under each other / and unite 
such terms as are similar. « 

23. To 'Sbc—ed+abSy ^ These may be arranged thus: 
Add —3bc+x—3d-\-bg [ 3bc—6d-^2bSy 
And 2d+y+3x+b ) — 36c-^3d + ^+^g 

U +y+3a? 4-6 

The sum will be — 7(^-26--2y-f 4a:4-6g-j-6 

EXAMPLES FOR PRACTICE. 

1. Add 06+8, to erf— 3, and 5a6 — 4ot+2. 

2. Add a?+3y — dx, to 7 — x — S-j-Aw. 

. 3. Add a6»i — 3a7+6»», to y— ap4-7, and 5x— 6y-j-9. 

Quest. — If two equal quantities have contrary signs, what is the effect ? 
If the letters in the several terms are unlike, how Are they added ? What 
then is the general rule for addition 7 / 

3* 
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4. Add 3«ot4-6— 7dpy-^8, to lOxy^S^^am. 

5. Add 6ahy+ld — l-j-jwa?y, to Sahy — 7d^n — way. 

6. Add 6ad — h~\-Sxy — arf, to bad-\-h — Ixy, 

7. Add 3ab — 2ay-)-a7, to ab — ay\^x — A. 

8. Add %— 3aa?-f 2a, to Sbx—by^. 

9. Add aa?-(-5y— a?y, to — by~\^23sy^b<ND. 

10. Add41crf/--10a?y— 186, to 7xy+^b+Scdf. 

11. Add 3bz — llxy^lSa, to4>ax — 56a?+63ca?. 

12. Add Saft— 66c+4c(f— 7a?y, to 17»i/i-|-18/g— 2aa:. 

13. Add — i2abc^i0abd^ to 50a6c+15dW+5a:y;s, 

14. Add 00?— y4.6--<i/4-44, to 4rf/— 204. 3air-f 75y. 

15. Add 45a— 10&+4crf/, to 826— 4cc(/4-l0a— 45, 

16. Add 12(a+6)+3(a+6), to 2(a4.6)— 10(a+6)._ 

17. Add xy(a+b) + 3xy(a+b), to 2a?y(a4-6)— 4ajy(a-f 6). 

18. Add aa7+aa, x+xxXy 4aa4-2x-haa7, and ^xx, 

19. Add y — yy+xy, 2xa:+10yy, to 4a?y+6y — Sxx. 

20. Add aaa-^^aaa^ to lOaaa — 14aaa+8aaa. 

21. Add 12yyyy — 10a?a?, to 20a?x — Syyyy+2xx+3yyyy. 

22. Add 4(a:— y)— 13, to (a+6)— 16(a:— y)— 7(a-f6). 

23. Add a(a?+y)— 6y, to 40(a— 6)-|-8a(a?-f y)— 36(a— 6). 

24. Add 10aa?y-f-176c(i — axy, to 6axy — Hbcd, 

25. Add — a?-|-y-f 6a?(a— 6)— 7a?, to 16y— I5a:(a— 6)-f25a?. 

26. Add — 4(a?-|^y)-|-16(a:4-y,) to 15a6c— 10(x+y). 

27. Add 5a6c — Qxy^muy a-|-6a6c+14a?y — lla-|-6m7i, to 

15a?y — 17a6c — 15a — abcJ^xy — 3mn-\^bc, 

28. Add a(x+y) — 3b(x+y) — 4a(a?+y)— 4(a?+y)— (a?+y), 

. to 46(x+y)+7a(ir+y)+5(a?+y)+66(a?+y).,^. .= . 
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SECTION III. 

S9BTBACTIOM. 

..Art. 57. Sttbtr action in algebra is finding the difference of 
two quantities or sets of quantities. 

1. Charles has 5a pears, and James has 3a pears. How 
many more has Charles than Jatnes ] In this example we 
wish to take 3a pears from 5a pears. Bat subtraction in. al- 
gebra is denoted by the sign — . Hence 5a— 3a pears repre- 
sents the answer. But da—^3a=2a pears. Ans. 

2. A gentleman owns a l^ouse valued at $4500 ; but he is 
in debt $800. How much^is he worth 1 

$4500-$800=$3700. Ans. 

58. Let us now attend to the principle upon which this ope- 
fation is performed. To illustrate this pointy let us suppose 
that you open a book account with your neighbor. When 
footed up, the debtor side, which is consider,ed positive, is 
$500. The credit side, which is considered negative, is 
$300. You balance the account, and find he owes you $500 
— $300 =$200. Now if you take $50 from the positive or 
debtor side, it will have the same effect on the balance^ as if 
you add $50 to the negative or credit side. On the o>l^er 
hand, if you take $50 from the negative or credit side, it 
will have the same effect on the balance, as if you add $50 
to^he positive or debtor side. 

59. Hence universally, taking away a positive quantity from 
en algebraic expression is the same in effect as adding an equal 
negative quantity ; and taking away a negative quantify, is the 

same as adding an equal positive one, 

_^ , ■ ■ ^ - . 

Quest. — ^What is subtraclion 1 On what principle is the rule founded ? 
How illustrate this? What is the rule for subtraction ? 
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60. Upon this priDcipIe is founded the following ^^j 

GENERAL RULE FOR SUBTRACTION. 

I. Change the signs of all the quantities to be subtracted^ 
i. e. of the subtrahes^j or suppose them to be changed from 
+ ifo — , or from — /o +. 

II. If the quaniities are alike, unite the terms as in addu 
tion. (Arts. 50, 51.) 

in. If the quantities are T7nlixs, change the signs of the 
suUrahendy and write its terms after the minuend^ (Art. 55.) 
tion, (Art. 55.) 

examples. 

1. From 6a+W( ^^-^.JgK J ««+«M Ans. 3a+5*. 
Take 3a-H5 \ Ih«hiu««: I ~3a-4^ > «i-r^. 

2. From 16* 3. \Ua 4.. —28 5. —166 6. ^iMa 
Subtr. 12* Ua —16 —126 — 6tf« 

7. 16* 8. 12* 9. Ua 10. —16 11. —12* 12. — 6(fa 
28* 16* lA4a —28 —16* — 14c/a 

14. +16* 15. +\Ma 16. —28 17. —16* 18. —\44a 
—12* — 6ifa +16 +12* + 6(for 

19. From 8a*, take 6j?y. Ans. 8a* — %xy. 

20. 6aay 21. 16flaxx 22. ^dd^Zd—iddd 
Hay 20aa? 10(fc +2c/^irf(/-f 4c(y. 

62. From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif-^ 
ferenee between 28 degrees above zero, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 
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63, PigoF.— Subtmction fhay be proved^ as in arithmetic, 
by adding the retiiainder to the subtrahend. The sum ought 
to be equal to the ninueiid, upon the obvious principle, that 
the difference of two quantities added to one of them, is 
equal to the other. 



23. From2a}yT^r 
Sub. ^xy+1 



'^-xy+1 the subtrahend. 
Proof, i ^^y — ^ remainder. 

Bern. 3a?y — 8 J L 2a?y — 1 minuend. 

24. h+Zhx 26. hy^ah , 26. nd^lby 

3A— 94jp . 5Ay^6aA bnd—hy 

27. 28. 29. 30. 

^abm— (cy — 17+4aa? ax+ lb Sah+axy 

— 7a6m+6a?y —20— ax — 4ax+15ft —lah+axy 

65. When there are several terms alike in the subtrahend, 
they may be united and their sum be used. Thus, 

31. From a&,subtract 3am+ttm-]-7am-{-2am+6am. 
Ans. ad^3ai»— aw— 7a>»--2aOT— 6am=a^— 19flff». 

32. From y, subtract a^a—a—a. 

33. From ax^bc+Sax+lbc, subtract 4}bc—2ax-\-bc+4tax. 

34. From ad+3dc—bx, subtract 3a(f-h7.ia:— dc+ac?. 

66. The sign — , placed before the marks of parenthesis 
which include a number of quantities, requires,, that when 
these marks are removed, the signs of all the quantities thus 
included should be changed. 

Thus a— (6— c+d) signifies that the quantities 6, — c and 
-f c?, are to be subtracted from a. Bemove the ( ) and the 
expression will then become a—b+c—d. 

35. xy+d—(7ad^xy+d+hm)=-'7ad-{-2xy—hm. 

Qx7£STi — How proved ? When — is placed before a () which includes 
a quantity, if the () is removed, what most be done ? 
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67. On the other hand, when a numher of quantities are 
introdaced within the marks of parenthesis, with •— imme- 
diately preceding, the signs mast he changed. 

Thus -^m+A— d!a?+3A=— (st— 6+*P-*3*). 



BXJLMPLES FOR PRACTICB. 

1. FTomeab+lxy+lSdfg*, take 2xy+Ub+SdJg. 

2. From — 35ax — 21ab — 37m j take — 30m — ISaft— lOoa?. 

3. From 9ay+ 196a:+226c j take 12ay+31bc+bObx. 

4. From Sxy—l0ab+6di take — 12ai+10rf+24«y. 

5. From la+Qx+df+xyz; take 3* — 4a — 3df—17xyz, 

6. From lSbc—xy+2^h j take 4^lxy—gh+bc. 

7. From 21ax+y+ac — ay 5 take 4a — bc+x — yz-^dc. 

8. From 21x+40j7y— 13a 5 take 42+lOa^— 5k. 

9. From 5j?y 5 take 2ai+30flfr+fli--4aft. 

10. From 5aa?+16ay ; take 4«l>— <ry4-3a»+4!ay. 

11. From a-f 5 ; take — (c+i— ^-hg"-*— A—- ory). 

12. From 7a6+ 16a?y— 7arf 5 take — (60^— 12iy+«0 - 

13. Required to introduce the following quantities within 
a parenthesis with — immediately preceding, without alter- 
ing their value ; — a-{-b — c — d+f+gh* 

14. Also, ab — ccte-py— OP — y+ghf^he-\-ocyz. 

15. From 4!xx-\'6bbb ; take Sxx-^^bbb. 

16. From 20yy — ^2y-|-12aaa ; take 15yy — 2y — 12aaa. 

17. From — 8(a+^)+10(a?+y) 5 take 2(a-f 6)— .6(a»+y). 

18. From 4(a-}-ft)— 16(a?— y) 5 take 17(a-f 6)4-36(a?--y). 

19. From 2a— aa-(-Aa 5 take & — 4aa — 6ba. 



QuEST.r-Wlien a number of quantities are introduced within a () ivith 
-r befbre it, what must be done ? 



AftS. 67-71.] HDLTIPIilCATIOlV. BS 

30. From ^^Bx^-^»x» $ tak« ^x^Bxx^IOxcm^. 

21. From 18--25fl6+20ap+3y j take 3»+3y— 25fl*+l. 

22. From S(a— y)— 17(a4.y) ; take 3(a+y)— 7(tf— y). 

23. From a*— «5r^i»iy-^6 j take 6a»— fiajy— ay+iG — 74f. 

24. From 66ih— W j take 20a--*-^30tf— 16<>— 3*+5tf. 



SECTION IV, 

M U L T I P L I A T I O K . 

Aat. 68^ Ex. 1. What will 4 lemons cost at or cents a piece 1 

If 1 iemon costs « cts. 4 lemons will cost 4 times as much, 
i. e. ix cents. Ans. 

2. How much can a man earn in 5 months at a dols. per 
month 1 Reasoning as before, ax 5=x5a dols. Ans. 

Now 4a? is equal to x-\-X'\-x-\-x s and 5a^a'\-a-^a-\-a'^a, 

69. This rotated addition of a quantuy to Uself is called mul- 

TITLICATION. 

Ohs. From the definition of Multiplication, it is manifest that 
the product is a quantity of the same kind as the multiplicand. 

70. Multiplying by a whole number is taking the multipli- 
cand as many times as there are units in the multiplier. 

Multiplying by I, is taking the multiplicand once^ as a. 
Mult, by 2, is taking the multiplicand iwice^ as a'\-a^ &;c. 

71. Multiplying by a fraction is taking a certain poetion 
of the multiplicand as many times as there are like portions of 
a unit in the multiplier. 

Mult, by ^, is taking \ of the multiplicand once^ as \a. 
Mult, by f ,is taking \ of the multiplicand imce^ as ^+^* 

Quest. — What is multiplication 7 Of what denomination is the pro- 
diict ? What is it to multiply by a whole number T By a fraction ? By 
I? By|? By^? 
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72. MulUplying two or morti letters together^ is wriimg them 
one after the other ^ either withy or without the iign ofmultipHca- 
iion between them. 

Thus b multiplied iuto c is ^ x c, or 6 . c^ or Ac. And x into 
y, into Zf is xxyxzy or o^. y . ^, or more commonly written 
xyz. And am into xy is amxy. So abc into xyz is ahcxyz. 

73. It is immaterial as to the result in what order the letters 
are arranged. The prod, of ha is the same as ah, 3 times 
5 is equal to 5 times 3. The prod, of a, h and c, is abc^ or 
haCy or cah^ ox cba. It is more convenient, however, to place 
the letters in alphabetical order. 

74. When the letters have numerical co-efficients, these 
must be multiplied together^ and prefixed to the product of the 
letters. 

1. Multiply 3a into 2i. Ans. 6ab. For if a into b is o6, 
then 3 times a into b is evidently 3a5 ; and if, instead of mul- 
tiplying hy 6, we multiply by <mcc 6, the product must be 
twice as great ; that is, 2 x 3a3, or 6ab. 

2 Mult. 12% 3. 3dh 4. 2ad 5. Ilbdh 6. 3ay 
Into 2rx my IShmg x Smx 

75. If either of the factors consists of figures only^ these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12ab. And 36 into 2a?, is 72a?. And 
24 into Ay, is 24Ay. 

76. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multiplier. Thus b-^c-^ 
into a is ab-\-ac+ad. For the whole of the multiplicand is 
to be taken as m^ny times as there are units in the multiplier. 

Quest. — How are two or more letters multiplied together ? In whal 
order are they arranged ? When letters have numeral co-efficients ? 
If either factor consists of figures only 7 If the multiplicand is a com^ 
plound quantity ? 
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7. Molt. d+2aDf 8. U+m i. m+1 10. 2Afli+a 
Into 3d Sdy my U 

77. N. B. The preceding instances must not be confoanded 
with those in which several factors are connected by the 
sign X , or by a point. In the latter case, the multiplier is to 
be written before the other factors toithota being repeaitd* 
The product of bxd into a, is ab x d, and not ab x ad. For 
& X e^ is bd^ and this into a, is abd, (Art. 72.) The expres- 
sion bxd is not to be considered like i-|^> ^ compound quan- 
tity consisting of two terms. Different terms are always sep- 
arated by + or — . (Art. 19.) The product of6xAxmxy 
into a,isax6xAxm X y, or abhmy. But 6^A^.m-f-y into a 
is uh''\^'\'am^y. 

78. If both the factors are compound quantities, $ach term 
in the multiplUr must be multiplied into each term in the mul- 
tiplicand. Thus (a-|-&) into (c+rf) is ac-j-acZ-f-k-f^i. 

For the units in the multiplier a-\-by are equal to the units 
in a, added to the units in b. Therefore the product produced 
by a, must be added to the product produced by 6. 

The product of c+rf into a is oc-f-arf. ) . . „g v 
The product of c-fd into b is bc-\-bd, j v • '^ 
The product of c-\4 into a-f 6 is therefore flC+ac^^c-J-W. 

11. Mult, ar-f^ 12. 4ay+2& 13. a+1 14. 26+7 
Into 2a+A» 3c4-j7? 3a:+4 6rf+l 

15. Mult, d-^rx-^^ into 6OT+4+7y. 

16. Mult. 7+66+fld into 3r-f4+2A. 



Quest.— -Does it make any difference in the result whether the qnanti* 
ties are connected by the sign X, or + ? If both factors are compound 
quantities, how proceed ? 
4 
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V9. Wh^p seTeml terms in the ptoduct 9xe alike, it will be 
expedient to set one under the other^ and then to unite them 
by the rules for redaction in addition. Thus, 

17. Mult, h+a 18. 5+c+2 19. a+ y+l 

Into h^a i+c-fS 364.2x-i-7 

hb^ab 



Prod. hh-[.2ah-\-aa 

20. Mult. 3a+(f-|-4 into 2a4-3J-f.l. 

21. Mult. 6+cflt+2 into 36-f4cd+7. 

22. Mult. 354-2a?+A into ax</x2ir. 

80. It will be easy to see that when the multiplier and mul- 
tiplicand consist of any quantity, repeated as a fttctor^ this 
factor will be repeated in the product as many times as in 
the multiplier and multiplicand together. (Art. 163, 3.) 

23. Mult, axaxa. Here a is repeated three times as a factor. 
. Into ax a Here it is repeated twice. 

Prod, axaxaxaxa. Here it is repeated five timesi 
34. What is the product of bbbb into bbbl 

25. What is the product of 2a? X 3a? X 4<r ijato 5a? x 6a? 1 

81. But the numeral co-efficients of several fellow-factors 
should be brought together by multiplication. Thus 

26. 2ax36 into 4flx56 is 2ax3^x4ax&&, or 120aaW. 
For the co-efficients are factors^ (Art. 24,) and it is imma* 

terial in what order these are arranged. (Art. 73.) So that 



Quest. — ^When several terms in the product are. alike, how proceed ? 
When the multiplier and multiplicand consist of the same factor repeated, 
how many times will it be repeated in the product ? What should be done 
with numeral co-efficients ? 
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«ox36x4ax56=2x3x4.x5xaXoX*X*=120aaW. 
27. The product of 3a x4M into 5mxQy. 
28* The product of U x 6 J into 2a?+ 1.^ 

KULE FOR SIGNS IN THE PRODUCT. 

82. + into -f produces +j — into + gives — ; 4- into 
— gives — 5 and — into — gives +• That is, if the signs 
rf the factors ore ai^iks, the sign of the product will be affirma- 
tive ; but if the sign^ of the factors are unlike, the sign of the 
fro uct will be negative* * 

83. The first case, that of + into +, needs no farther 
illustration. The second is -^ into -f , that is, the multipli- 
cand is negative, and the multiplier positive. Thus, — a into 
+4s is — 4flu '.For the repetitions of the multiplicand are, 
— a — a — o— a=— 4a. 

30. Mult. 2a— m 31. A— 3i+4 32. a— 2— 7(i— a? 
Into 3A+a? " 2y 36-hA 

84. In the two preceding cases, the positive sign prefixed 
to the maltiplier shows, that the repetitions of the multipli- 
cand are to be added to the other quantities with which the 
multiplier is ^connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be sub- 
traded from the other quantities. (Art. 70, 71.) 

Obser, This subtraction is performed, at the time of multi- 
plying, by making the sign of the product opposite to that of 
the multipiieand. Thus -f-a into —4 is — 4a. For the repe- 
titions of the multiplicand are, -^a-j-a-f-a-f a=-f-4a. 



Qt7E8T. — Rule for the signs ? When the multiplicand Is -f-» what does 
it show ? Wbea — , what ? When and how is the subthiction per- 
formedl 
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But this sum is to be subtracted from the other quantities 
with which the multiplier is connected. It will then become 
—4(1. (Art. 59.) 

Thus in the expression 5— (4jXa) it is manifest that 4xa 
is to be subtracted from b. Now 4xa ii^ 40^ that is 4-4a. 
But to subtract this from b^ the sign -f- must be changed into 
-*•. So that d— -(4xa) is ft— 4a- And ax ^-4 is therefore 
—4a. 

Again, suppose the multiplicand is a, and the multiplied 
(6 — 4). As (6 — 4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 — 4) into a, 
we must subtract the product of the negative part from that 
of the positive part. 

33. Multiplying a > j^ ^^^ ^^^ ^ ( Multiplying a 

Into 6—4 J I Into 2 



And the product 6a^-4a, is the same as the product, 2a. 
But if the multiplier had been (64-^)9 the two products 
must have been added. 
34. Multiplying a ) .^ ^^^ ^^^ ^^ ) Multiplying a 

Into 644 ) ) Into. 10 

And the product 6a+4a, is the same as the product 10a. 

N. B. This shows at once the diference between multi- 
plying by a positive factor, and multiplying by a negative one. 
In the former case, the sum of the repetitions of the multi- 
plicand is to be added to^ in the latter subtracted from^ the 
other quantities, with which the multiplier is connected* 
(Art. 41.) 



Quest. — ^What is the difference between multiplying by a positive factor 
and a negative one 7 
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36. Malt, a^x 37. 3dy-f^ap f2 38. 3A+3 

Into b — X mr — ab ad — 6 

85. If two negatives be multiplied together, the product 
will be affirmative: — 4x — a=-f4«. In this case, as in 
the preceding, the repetitions of the multiplicand are to be 
9ubtrc^ted^ because the multiplier has the negative sign. 
These repetitions, if the multiplicand is — a, and the multi- 
plier -r4, are " — a — a — a — 0= — 4a. But this is to bo sub- 
tracted by changing the sign. It then becomes 44a. 

Suppose — a is multiplied into (6—4). As 6 — 4=2, the 
product is, evidently, twice the multiplicand, that is, — 2fl. 
But if we multiply — a into 6 and 4 separately ; —a into 6 
is — 6tf, and. — a into 4 is —4a. (Art. 83.) As in the mul- 
tiplier, 4 is to be subtracted from 6 ; so, in the product, — 4a 
must be subtracted from — 6a. Now --4a becomes by sub- 
traction -|-4'». The whole product then is — &nL-{J^a^ which 
is equal to -^2a. Or thus, 

39. Multiplying ^-« I .^ ^^^ ^^^ ^^ j S*''^'^'°^ 



And the prod. — 6a4-4a, is equal to the product -« — 2a. 

It is often considered a great mystery, that the product of 
two negatives should be affirmative. But it amounts to 
nothing more than this, that the subtraction of a negative 
quantity is equivalent to the addition of an affirmative one, 
(Art. 58, 59^ ;) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten dollars every month, is adding ten dollars a month to the 
value of his property. 



Quest. — Explaia how — into — gives +• 
4* 
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40. Multiply a — 4 into 3*— 6. 

41. Mult. 3ad-^h — 7 into 4— c/y — hr. 

42. Mult. 2hy~\-3m—l into 4(f-^2a?-|-3. 

86. Positive and negative terms may frequently balance 
each other, so as to disappear in the. pro4uct. {Ai%. 54») 

43. Mult, a — b 44. mm — yy 45. aa-^-ab-^h 
Into a-\-b mm-^yy a—b 

aa — ab 



Prod, aa • — bb 

87. For many purposes, it is sufficient merely to indkaie 
the multiplication of compound quantitiev, without actuaUy 
multiplying the several terms. Thus (Art. 23,) the product of 
fl^ft-j-c into A-f m-|-yj is (a^b'\-c) x (A+m-f y). 

47. What is the product of a-\-m into A-[-t and d-\-y ? 
Bythis method of representing multiplication, an important 

advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres- 
sion is said to. he expanded. 

48. What does (a-\J)) x (c j-d) hecome when ej^panded 1 
89. With a given multiplicand, the less the multiplier, the 

less will be the product. If then the multiplier be reduced 
to nothings the product will be nothing. Thus axO=p. 
And if be one of any number of fellow-factors, the product 
of the whole will be nothing. 

Quest. — Is it always necessary actually to perform the multiplication 1 
What advantage is gained by representing it ? When is an expres- 
sion said to be expanded ? When you multiply a quantity by 0, what is 
the product ? 
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49. What is the product ©foixcxSixOl 

60. And {a+b) x (c+d) X (A— «) X \ 

From the precediag principles we derive the following 

GENERAL RULE FOR M17L TIP L IC AT I O N . 

90. Multiply the letters and coefficients of each term in the 
multiplicand, into the letters and co^efficienls of each term in the 
multiplier; and prefix each term of the product, tke sign re- 
quired by the principle, thai like signs produce 4*) ^^d unlike 
signs — . 

EXAMPLES FOR PRACTICE. 

1. Mult. a4-3A— 2 into 4«— 66 — 4. 

2. Mult. 4a6xa7x2 into Smy— l+A. 

3. Mult, (lah — y) X 4 into 4x X 3 X 5 x rf. 

4. Mult. (Sab—hd+l) x 2 into (8+4a^— 1) x d. 

5. Mult. 3ay-f-y— 4-fA into (d^)x{h+y). 

6. Mult. 6wa?— (4A— rf) into(6-fl)x(A-fl). 

7. Mult. lay^l+hx(d^—x) into — (r4-3— 4«i). 

8. Mult. aJ^b into a-{J) into a-f^. 

9. Mult. x-\~y into x — y into ar-fy. 

10. Mult, aa^b into cc-^^d into xx~\-yy. 
. 11. Mult, abc^def^x — 7-f-y into fl-j-5. 

12. Mult, ayy— yy-f-10 into aa— 12. 

13. Mult. 4(a?-fy) into 3a into 66 into 3. 

14. Mult, ^a^b^^c~\'d) into xyz, into m. 

15. Mult, a— 6-^-fJ into 6 x (c-frf). 

16. Mult. xXr\-xy-\-yy into x — y. 

QuKsT.-^What is the general rule for multii^catiott ? 
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17. Malt, aaa — hhb into aaa^bb, 

18. Mult, aa — ax-^x into a-f-^' * 

19. Mult, yyy — ayy'\-aay--'aaa into y-f^* 

20. Mult. 15a-l-20W into 3a— 4W. 

21. Mult. 3a(a?4.y)x4 into a-f6, 

22. Mult. 21a:y— 18a-|-2— 7c into 1— op. 

23. Mult. 2ax — y into — (^+2) into xyz. 

24. Mult. 25+60* into — <a?— y) into — 2+w. 

25. Mult. aa-|-2aM~^^ into a-\^b into 04^. 



SECTION V. 



DIVISION. 



Aht. 91. Prob. 1. A man divided 480? peaches among 6 
boys. How many did each receive 1 

If 6 boys receive 4Sa? peaches, it is manifest 1 boy will 
receive ^ of 48a? peaches; but ^ of 48a?=48a?-^-6=8ir 
peaches. Ans. 

2. If 8 hats cost 24a dollars, what will 1 hat cost 1 

Reasoning as before, 1 hat will cost |- of 24a dollars, viz. 
2a dollars. Ans. 

This process is called division. It consists in finding how 
many times ont quantity contains another ; and is the reverse 
of multiplication. The quantity to be divided is called the 
dividend; the given factor, the divisor; and that which is re- 
quiredy the quotient. Hence, 

Quest. — ^What is division ? Of what, the reverse ? The quantity to 
be divided, called ? To divide by ? The quantity sought 1 
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Division is finding a quotient^ which mtiUiplied into the 
difHs&r mil pro^icB the dimdtnd. 

92. As the product of the divisor and quotient is equal to 
the dividend, the quotient may he found, hy resolving the 
dividend into two such factors, that one of them shall he the 
divisor. The other will, of course, he the quotient. 

Suppose abd is to he divided hy a. The factors a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may he set aside. The other is the quotient. Hence, 

When the divisor is found as a factor in the dividend^ the 
division is performed by cancelling this factor, 

1. Divide cz by c. Ans. x. 2. Divide dh by d. 

3. Divide drx 4t. hmy 5. dhxy 6. abed 7. abxy 
By dr hm dy h ax 

93. FRoor.— Multiply the divisor and quotient together, 
and the product will be equal to the dividend, if the work is 
right. 

Thus ax-^a the quotient is x. Proof. xxa:=aXy dividend. 

94. if a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

8. Divide aab by a. Ans. ab. 9. Divide bbx by b. 

10. Div. aadddx 11. aammyy 12. aaaxxxh 13. yyy 
By ad amy cuucx yy 

In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

95. If the dividend consists of any factors whatever, ex- 
punging one of them is dividing by it. 



QxTEST.— When the divisor is a factor of the dividend, how proceed? 
Proof? Jf the letter is repeated in the dividend, what is necessary? 
If the dividend consist of any factors, what effect has expunging one of 
them ? 
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14. Divide a(b^ by a. Aia«. *+</. 

15. Div. a(b+d) 16. {b+x)(c^) 17. (6+y) X (ci-^)» 
By i+d ' ^+0? (/—A 

96. If there are numeral co-efficienis prefixed to the letters^ 
the cb-efficieTits of the dividend must be divided by the co^efficienis 
of the divisor. 

18. Divide 6a6 by 2b. Ans. 3a. 19. Div. IGdosy by 4^. 
20. Piv. 25dAr 21. 12a?y . 22. Udrx 23. 20hm 
By dh 6 34 m 

97. When a simple factor is multiplied into a compound 
one, the former enters into et^ery term of the latter. (Art. 76.) 
Thus a into b-{-d^ is ab-^-ad. Such a product is easily 
resolved again into its original factors. Thus a^4^=r 
ax(b+d), 

25. a^+ac+aA=ox(i+c+A). 

26. What are the factors of amh-^-amx^my ? 

27. What are the factors of 4(wi+8aA+12a»i+4ay? 
Now if the whole quantity be divided by one of these fac- 
tors, according to Art. 95, the quotient will be the other factor. 

Thus, (ab+ad)^az=b+d. 
29. (ab+ad)-r'(b+d)=a. Hence, 

If the divisor is contained in every term of a compound 
dividend, U must be cancelled in each. 

30. 31. 32. 33. 

Div. ab+ac bdh+bdy aah+ay drx+dhx+dxy 

By a b a dx 

QuEST.-r-If tlier^ ar^ numeral co-efficients, how proceed? Whea 
the divisor is contained in every term of a compound dividend, how 
proceed? 



Arts. 96-100.] 
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34. 
Div. 6ab+ 
By 3a 



35. 36. 37. 

Kk{ry+ 16d 12hx+S 3Mm+ Udx 
%l 4 7d 



98. On the other hand, if a cflmpound txpremon contain' 
ing any factor in every term^ be^ divided, by the other quantities 
connected by their aigns^ the quotient will be that factor. See 
the first part of the preceding article. 

. 38. 39. 40. 41. 

Diy. ff/^4-ac4<aA amh*^mx^my 4a6+8ay ahm+ahy 

99. In division, as well as in multiplication, the cau- 
tion must be bbserved, liot to confound terms with factors. 
(Art. 7T.) 

.42- Thofl iab+ac)^a^b+c. (Art. 97.) 

43. But (ab X ac) -r- a^^aabc -f- a=szabc, 

44. Quot. of (aA-(-(ic)-i-(64-c). 45. Aiid abxaor-r(bxc). 

100. SiGNB. — In division, the same rule is to be observed re- 
specting the signSy as in multiplication ; that t>, if the divisor 
and dividend are both positive, or both negative, the quotient 
must be positive : if one is positive and the other negative, thi 
quotient must be negative* (Art. 82i) 

This is manifest from the consideration that the product 
of the divisor and quotient must be the isame as the dividend. 



46. If +ax+5«-fd* ' 




^ j^b^^b^+n 


47: " — flX+6=— fl^ 


then " 


— ab -j — [-5= — a 


48. " -fax— *— tf^ 


— ab-. ft=-fa 


49. « —ax—b^+ab 




-f-a^H — b= — a 



Quest.— What caution as to terms and factors ? The rule for the 
signs ? 
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50. 51. 52. 53. 

Div, abx Sa-^lOay dax^^ay i^arnxdh 
By — fl —2a 3a — Oa 

101. //* Me letters of the divisor are not to be found in the 
dividend, the division is expressed by writing the divisor under 
the dividend in the form of a vulgar fraction. 

XV d'—^x 

54. Thus xy-r- a=-^. 55. (d— a?)-^ — *=ZX^' 

This is a method of denoting division, rather than an ac- 
tual performiog of the operation. Bnt the purposes of divi- 
sion may frequently be answered by these fractional expres- 
sions. As they are of the same nature with other vulgar 
fractions, they may be added, subtracted, multiplied, &c. 

102. If some of the letters in the divisor are in each 
term of the dividend, the fractional expression may be ren- 
dered more simple, l^y rejecting equal facix>rs from the nu- 
merator and denominator. 

56. 57. 58. 59. 60. 

Div. ah dhx ahm — 3ay ab+bx 2am 

By ac dy ab by 2xy 

N. B. These reductions are made upon the principle, that 
a given divisor is x^ontained in a given dividend, just as many 
times as double the divisor in double the dividend ; triple the 
divisor in triple the dividend, &c. 

103. If the divisor is in some of the terms of the dividend, 
but not in all, those which contain the divisor may be divid- 
ed as in Art. 92, and the others set down in the form of a 
fraction. 

Quest. — If the letters of the.divisor are not foand in the dividend, how 
proceed ? If some of the letters in the divisor are found in each term of 
the dividend ? If the divisor is in some of the terms of the dividend, bnt 
not in all ? 
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61. Thus (a&+rf)-T-a is either ^Hi or —4-^ or &+£ 
* a a a a 

62. 63. 64. 65. 

Div. dxy+rX'-hd 2ah+ad+x bm+dy ^my+dh 
By a? a — b 2m 

104. The quotient of any quantity divided hy iiself or iV^ 

^f «!</, is ohvioasly a unU* Thcur 5aa:L 

67. Div.??£. 68.-1^ 69.?+^=:!*. 

3aar 4+5 ' a+»— 3A 

70. 71. 72. 73. 

Div. ar+« 3W— 3J 4aa?y— 4a-|.8a<l 3a8+3— 6»i 
By « 8rf 4fl 3 

Gor. If thedividoTid is grudtr than the divisor, the quotient 
must be greater than a nnii : but if the dividend is less than 
the divisor, the quotient must be less than a unit, 

74. Divide 25 hy 5. An«. 5, 75. l-d Au». 

20 5 

DIVISION BY GOMFOUND DIVISOES.* 

105. Ex. 1. Divide ac+bc+adJ^d, by a+b. 

a+b)ac+bc+ad+bd(c-^d 

oc-f^e, the first subtrahend. 

.♦. • • , 

ad+bd 

ad+bd^ the second subtrahend. 



Quest.— To what is the quotient of any quantity divided by itself^ 
equal ? Corollary 7 

* The reasoa for inserting this article, in the jtresent place, nay he 
'earned from the preface. 

5 
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Hfire aCf the first term of the dividend, is divided by a,, the 
first term of tt^e divisor, (Art. 92,) which gives c for the first 
term of the quotient. Multiplying the whole divisor by this, 
we have ae+ be, to be subtracted from the two first terms of 
the dividend. The two remaining terms are then brought 
down, and the first of them is divided by the first term, of 
the divisor as before. This gives d for the second term of 
the quotient. Then cdukiplying the divisor hy*dj wie hftV6 
ad+bd to be subtracted, which exhausts the whole dividend 
without leaving any remainder. (Art. 98.) 

The rule is founded on this principle, that the product of 
the divisor into the several parts of the quotient, ifi equal to 
the dividend. (Art. 91.) 

106. Before beginning to ^divide, the 4erms should he so 
arranged ffu^t the leUer^.\phich is in tMfirst^erp^ f^tJ^edivisWj 
shall also be in the fir^t term of th^ div{dmd.. ,Jfth4s letier i9 
repeated as a factor^ either in the dimoVf/fr ,dividenfi[f oriiiiboth^ 
the terms should be arranged in the follotoing order ; put that 
term firsts ivhich contains this kiteir thef greatest nunrber of 
times ; the term containing it the next greaiesi number of times^ 
next, and so on, . 

2. Divide 2acd>+ bbb^dabb^+aaahy iaa-^bb+ ah • ' 

If we take aa for the first term of the divisor , the other 
terms must be arranged according to the number of times a 
is repeated as a factor in each. Thus, - 

aa+ab+bb)aaa+2aab+^b+bbb(a+b 
aaa+ aab+ abb 

aab+ abb+bbb 
aab-\- abb-[^bb 



QVS8T.'— When the divisor and dividend are both' compound quantities^ 
how arrange the terms ? 
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N. B. The 9trict/ut attention must be paid to the rulm fox 
the s^8 in subtraction, multiplicatioB, and diyision. (Arts. 
60^.S2, 100.) 

3. Divide «4f— 2irj^4-yy, by «— y. 

4. Divide aa—hhj by a-\-h, 

. 5. Divide bh^Uc-^cCy by *+c. 
. 6* Divide ooa-f^coKC, by chf a?. 
1, Divide ^ax—^Laax^^aaxy-^-^aaaX'^-axy'^xy^ by 2a— y. 

8. Divide a^—c—ax—hx-^^x^ by o-|-6-— c. 

9. Divide ac-f-k-j-arf-f^if-f-it, by a-f6. 
10. Divide^a^f— oA+W— ftA+y, by d— A. 

107. From the preceding principles we derive the following 

GENBEAL SX7I.B FOB DIVISION. 

I. Division, in all casesy may he expressed by wrUing the 
divisor under the dividend in the form of a fraction, 

II. When the divisor and dividend are both simple quantitieSy 
and have letters or factors common to each ; divide the co-effir 
cient of the divisor by thai of the dimJend, and cancel thefaC" 
tors in Hit dividend tuhi^ au equal (OJhose i» tht idvUor, 

III. WhMk the divisor is: a simple^ and the dividend a dom^ 
pound quantity ; divide each ttrm of the dividend by the divi" 
sor as before ; setting down those terms which cannot be divid' 
ed in the form of a fraction. 

IV. If the divisor and dividend are both compound quanti' 
tieSy ahange the terms according to Art. 106, 

To obtain the first term in the quotient, divide the first term 
of the dividend by the first term of the divisor. Multiply the 
whole divisor by the term placed in the quotient ; subtract the 

Qi7CBT.~-Whfit is. the general rqle f«r diviaioii ? 
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fr^duvtfrok the dividend ; and to th$ nmainder^ bring dovm 
»• many of tkt following terniB m ihall he necessary to con* 
tinue the operation. Divide again hy the first term ofuhe dim^ 
sor^ and proceed as before^ till all the terms of the dividend are 
brought down, 

V. Signs. — Tf the signs in the divisor and dividend art 
AtiKE, the quotient will be-^^ if Ufo^ncE, the quotient will be -^^ 

EYAUPLEd FOR P&ACtlC^. 

1. Divide 12aby-{-6abx—lSbbm+Q4b, by 66, 

2. Divide 16a— 12+8y+4— 20a(fa?+»i, by 4. 

3. Divide (a— 2A) x (Sw+y) x a?, by (a— 2A) X (Sw+y.) 

4. Divide ahd^^-^ad+day-^a^ by M— 4J-|-3y— !• 
^ 5. Divide ax — ry-\-ad-^my — S-\-a^ by — a. 

y^^* Divide amy-^-Smy — mxy-\^m — <£, by — dmy> 

7. Divide ardSa^2r—hd+S, by 2ard. 

8. Divide Sax — 8-f 2a?y-j-4 — 6Ay, by 4!axy* 

9. Divide 16abcx--'l2xyab+2^abiBd^36ahgbj by 4a5. 

10. Divide 2iaaby'^%edxaa^Haaa — Z5aaaaby by 7aa» 

11. Urnde 12abxyz*^hdabxy-^24fxyabm, by Savory. 

12. Divide 3e»r— 365d?-f42— 72ca?+30aa?, by 3a?. 

' 13. Divide40a5— 4(a?+y)+72+12(a+i)448c, by-4. 

14. Divide aia?— c(te+8ga?-j-a?, by ab — crf-f-Sg+l. 

15. Divide e4a?y2?— 36c(^— 48ff/^C(/, by 12a:yz— 18cd— 24a6cJ. 

16. Divide — a5 — aJ-f aj?(tf-|-6) — 42aicy-j-o5, J>y — a, 

17. Divide 6aw—i0aA+20— 12cJ-fl7«, by— 2fl«. 

18. Divide xyz-\-6x+2z-—l+2wyz{a+b), by 6xy«. 

19. Divide — 6ac-— 126c— 6flA — 10— 2flaWcc, by — Sabc. 

20. Divide iSahyx+lM>a^-'20bhcm-j-^2M, by 26. 
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21. Divide 16a?— 2*+8tt+84— 20fla?— cr, by —4. 

22. Divide (a?— y) x (3a+x) x ft, by (x-^y) X (3a+x). 

23. Divide 41rfx(4— a)x(a?+y), by (4— o)x41rf. 

24. Divide --AOxy +7 abx-^Sahmx^ by — 40y+7o5 — 3aA«. 

25. Divide 20{aft+ 1)— 60(oft+ l)+50(a6+ 1), by 5«. 

Examples of Compound Quantities, 

26. Divide 60a?+2a?y— 3a5— fty+3ac+cy+A, by 3a+y. 

27. Divideoflft— 3a<i+2fl6— 6a— 4ft-f22, by6— 3. 

28. Divide W-f 36c+2cc, by 6-fc. 

29. Divide Saaa*^M)b^ by 2a — b. 

30. Divide xxx^Saxx^Saax — aaa^ by x—a, 

31. Divide 2yyy— 19yy-f 26y— 16, by y— 8. 

32. Divide xxxxxx — 1, by x — 1. 

j^ 33. Divide 4a:a?xa:— 9a?ic+6a? — 3, by 2xa:-f.3a? — 1. 

Note. — ^For examples in dividing compound quantities in 
which the indices are used, see Art. 194, Exs. 237-40, and 
Art. 196. (: . 




FRACTIONS. 

Art. 108. Fractions in algebra^ as well as in arithmetic, 
have reference to parts of numbers or quantities. The term 
is derived from a Latin word, which signifies broken* . Thus 
o . , * . , , 2a . ^ , 4a? , 



jj is Ja ; - is 1* ; -^ is |a 5 and -=- is f x. 



Quest.— What are fractions ? From what i9 the term derived ? The 
meaning of it ? 

5* 
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109. Expressions in the form of fractions occur more fre- 
quently in algebra than in arithmetic. Most instances in 
division belong to this class. Indeed the numerator of 
every fraction may be considered as a dividend^ of which the 
denominator is a divisor. 

110. The value of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

6 ab 

Thus the value of z: is 3. The value of -r is a. 

Z 

111. From this it is evident, that, whatever changes are 
made in the terms of a fraction, if the quotient is not altered, 
the value remains the same. For any fra^^tion, therefore, 
we may substitute any other fraction which will give the same 
quotient. 

_, 4 10 Ua Sdrx 6+2 . ^ 
T^"" 2=y=26i=i;5;^=3fT'^^- For the quotient m 
each of these instances is 2. 

112. It is also evident from the preceding articles, that if 
the numerator and denominator are both multiplied, or both 
divided, by the same quantity, the value of the fraction will not 
be altered. 

Thus x=f|^, each term being multiplied by 9 \ and f|^= 

^=1^, each term being divided by 3, and that quotient by 3 

-_ bx dbx' ibx ^bx \abx _ _ 
again. So _=_=_=—=_ 5 for the quotient 

in each case is rr. 

113. Any integral quantity may, without altering its 
value, be thrown into the form of a fraction, by making 1 the 
denominator j or by multiplying the quantity into any proposed 

Quest. — Are fractions in arithmetic or algebra the' most freqneot ? 
When division is expressed in the form of a fraction, where do you 
place the divisor ? What is the value of a fraction ? If the numerator 
and denominator are both multiplied, or t)oth divided by the same quan- 
tity, how IS the value affected ? How put an integer into the form of a 
fraction ? 
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dj^rmminaior^ and tit pmdud upili htiht humeraior of thtfrue^ 
tion required, . . 

Thus a:^«=^=?^±£=:5f!^. The quot. of each i« a. 

Sdrf+A=^±^. Andr+1=?*?±^ 
a? iWr 

114. Si6N8.-^(l.) Ea^h sign iathe numerator and denomi- 
nator of a fraction, afiects only the single term to which it 
is prefixed. * 

(2.) The dividing line answers the purpose of a vinculum^ 
i. e. it connects the s^ver)d terms of which the numerator 
and denominator may each be composed. 

The sign prefixed to it, therefore, affects the whole fraction 
collectively. It shows that the vcdue of the whole fraction is 
to be subject^ to the operation denoted by this «igD. 

(3.) Hence, if the sign before the dividing line i9 changed 
from + to — 5 or from — ^p +, the value oftht wkde fratiion 
is also changed. 

The value of — is a. (Art llO.) But this will become 
b 

negative if the sign — is prefixed to the fraction. Thus, 
y+^=y+a. But y -—y—a. 

Note.— There is frequent occasion to remove the denomi- 
nator ; also to incorporate a fraction with an integer, or with 
another fraction. ^ In each ofdie^e eases, if the sign "^ is 
prefixed to the dividing line, all the signs of the numerator 

Quest.— How far does the eflfect of each sign in tke numerator and 
denominator extend ? How far, the sign prefixed to t|ie dividing line ? 
What does it show ?t When this sign is changed, what is the effect ? If 
the sign — is prefixed to the fraction, and yom wish to jecDOve the denomi- 
nator, or to incorporate the fraction with an int«ger> or ^ntith Another, 
what must you do ?^ 
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must be changed^ as in Art. 66^ where a parenthesis, having 
the sign — before it, is removed. 

Thus ft— ?^±fi is b—d^h f and ft-~^~°^=&^(f+A. 
a a 

(4.) If all the signs of the numerator are changed^ the value 

of the fraction is changed in the same manner. 

Thus ?*=+a, (Art. 100 j) but Zf^-a. Andl^"~*^ 



* '. ' ^ ''6 b 

a—c'^ but — — Jl — izz'-a+c. 
b 

(5.) ^gaiuy if all the signs of the denominator are changed^ 

the value is also changed. 

Thus ?^=+a;butJ?L=-a. 

115. If then the sign prefixed to a fraction^ or all the signs 
of the numerator^ or all the signs of the denominator^ be chang- 
ed; the value of th^ fraction wUl be changed^ from positive to 
negative^ oirfrom negative to positive. 

1 16. If any two of these changes are made at the same time^ 
they will balance each other , and the value of the fraction will 
not be altered. 

Thus by changing the sign of the numerator, 

— =+« becomes ~"^ =— o. 
b b 

Cut by changing both the numerator and denomi&ajtor, it 

becomes H — =+^4 where the positive value is restored. 

— b . 

By changing the sign before the fraction, 

y+ — =y+a becomes y— ^=y— o. 

b b 

Quest. — ^If all the 8^s of the numerator, or of the denominator, or the 
eign before the fraction ' are efaanged, what is the effect ? What is the 
effect when any two of these changes are made at the same time? 
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But by changing the sign of the namentor also, it becomes 

y jT-, where the quotient — a is to be suWaeted from y, 

or which is the same thing, (Art. 59,) -f*« is to bo addedf 
making y-j-^ as at first. 

6-6 —6 € , o 

. ^ Hence tbe quotient in division may bo sot down in diflbront 

a — c a ■ c 
ways. Thus (a— c)-t-^, is either T+"T~> ®' X — !• 

* Hie hitter niethod is the inost common. See the examples 
in Art. 103. 

BBDUCTION or FRACTIONS. 

117. A FEAcnon may he reduced to lower terme^ by dividing 
both the numerator and denominatory by any quantity which will 
divide them without a remainder. 

According to Art» 112 this will not altar the veiuo of the 
fraction. 

1. Reduce -r to lower terms. Ans. -. 

cb c 

2. Seduce ^3-. 3. Seduce =— . 

Sdy Imr 

4. Seduce y-^—. 5. Seduce '^^. 

N. B. If a letter is in every term, both of the numerator 
and denominator, it may be cancelled^ for this is dividing by 
that letter. (Art. 97.) Thus, 



Qux8T.«-How reduce a fraction to lower terms I 
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6. Reduce ^?^. Ans. ?^. 7. Redace J?+^. 
qd-\-ah d-\-h dhy^dy 

If the numerator and denominator be divided by the great- 
est coirMon mtasurey it is evident that the fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see 'Art. 195, a. '• 

118. To reduce fractions Of different denominatoi^s to a 
common denominator. '^* ^ '^ ' . 

Multiply each numerator into all tht denominators except 'its 
own for e^'new numerator y and all tJte denominaiors ^a^Aer, 
for a comnton denominator: . 

8. Seduce ti and ^ and — to. a comrooq denominator. 

(T y 

axdxy=^ady ^ 

cxbx y^^cby > the three numerators. 

mxbxd=^mbd) 

bxdx yrsx^bdy , - ,the common .denominator. 

Ac^tf ' bev hdm 

The fractionis reduced are r:r> rr- «u^^ Tj"* 

My . ^</y 6<^ 

.N. B. It mil be B«en lihatthe ifedtiction consists in multi- 
plying the numerator and denominator of each fraction, intb 
aU the other denominators. This does not alter the.yaliie. 
(Art. 112.) 

dr ^ 6c 

9. Reduce r-, atad -^, and — to a common denom. 

3»^ g ' y 

10. Redace k» ^^^ ~V an^ -j^ to a common denom. 

•j, ■'..}•.• .• ' . 

11. Reduce --TT-, and •-3;^ to a cpmipon denouo. . 



Quest. — ^How to a common denominator ? Poes this alter the value 
ofeachfractioa? Why not? 
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An integer and a fraction are easily redaced to a common 
denominator. (Art. 113*) . ' ^ 

12. Thus a and - are eaual to v and -, or — and ^« .. 

X ^ '^1 c- 'c «• • ' 

13. Seduce «, ft, ^ , -. . 14. Reduce ^ ^ .y . 
15. Reduce??, y 1. 16. Reduce h.'Lt, . 

17 Rcdnce %^^l ' ' 18. BiedlJce !?, 1, *. 

. * V V . , a » . y 3 a 4c & 

19. Reduce -, ^, ??, 1. 20. Reduce if, 17, ?, or, i.. 

• ft *7 y 2 . a? .. . <?;: .'/to 

119. To reduce an improper fraction Ho a 'whole or mixed 
quantity. ^ ; •. '.•..,,. 

* Dh^dt the^ numeraior by the 4^nQminatQr, a^: in Art. 163. 

21. Thus •«*+*»4^ '=li:,i<i ■■ • • 

: . .. ,'. ■•! ; • .;; .1 

22. Reduce ?!!=±hfc^, to a mixed quantity. 

a 

120. To reduce a mixed quantity to an improper fraction. 
Multiply the integer by the given denominator, and add the 

given numerator to the prodtkt (Ai«j 113:) ^he suik iinli- be 
the required numerator ; and this 'placed over the given denomi- 
nator will form the improper fractioaj^ reqvdfed*. ; }. , 7 ^.^ 

N. B. If the sign hefore the dividing line is—, all the signs 
in the numerator must be change^. (Art. 114, note.) . 



(^EST. — ^How reducie an impropei fnctipa to a whole or jnifedqinn- 
tity ? How reduce a mixed quantity to fin improper fraction ? When the 
sign — is before the dividing line, what most he done ? 



m AWn&k. 1 [Seet.Vt. 

23. Reduce a+-- to an improper ftactito. Ana. " ''' 



b "^ ' b 

24. Beddc6(B '■* 25, Reduce a—- —*—. 

c ^ c 

86. B«4uee (A . 27. Reduce ax-- ^^ 



» ' d 

28. Seduce w-frf— ^^ — ;j. 2&* Beduee 6- 



"4— rf' ' <*— y* 

121. Tb reduce a Gomiiound fraction' to a simple one. » 
Multiply all tfu numerators together for a new numeratOTf 
and M the denominators for a new denominator^ 

30. Beduce ? of -.^. Ans. ,^ ■ 

7 ^+2 ; 7H-U 

31. Reduce ? of i of J+l. . 32. Reduce i of lof i-. 

3 5 2«— »i 7 3 8-« x: 

XXAMPLEU FOB FRACTIOB. 

1. What is the value of ??^ 1 

2<w63r 

2. What is the value of <^^^^ff% 



3. Whatisthev^ueof — x4t 

a 

4. What is the value of l?l?2-f-4a? 1 

a '. 

5. WTiat is the value of I— when the denom. is x 4 1 

2a 

6. What is the value of if*? when the denom, is-r6fla: 1 

24aa? 

Qux8T. How reduce a compound fraction to a simple one 7 
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7. What is the valu^ pf -gjr- ^hen both numerator and 

denommator tre X 2(^ 1 »_ 

^ ^bc4-12abx 

8. Reduce ~-i to a whole or mixed number. 

' ' ' ' ' 24a?y-~48aa? 

9. Reduce rx- — to a whole or mixed number. 

10. Reduce ■ — to a whole or mixed No. 

Reduce th» four nbxi ekartiplea to the lowest termt. 

OdV c 

15. Reduce — and -} to a common denominator. 

. y ^ a 

• a c f X 

16. Reduce t; 3; *- and - to a common denominator. 

11. Reduce a — to an improper fraction. 

X — y 

18. Reduce g-t-6 ' 4^ to an improper fraction. 

19. Reduce x of -r of -% of - to a simple fraction. 

3 b a y '^ 

20. Reduce ^ 4>f ^ of =2- of ^ of ^ of ^ to a 

7 4tb 2 te 2a 2d 

simple fraction. 



ADDItI0irQJV]lACTXQK8. 

122. Rule. — Reduce ^thtfrqcivms to a common denomnddtqr ; 
then add their rmtnercUors^ and plac^ the sUm over the common 
denominator. 



Qvmti^Exm are fraetiont sdded 7 
6 
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BZAKPL'Sr. ' . ■ * 

1. Add ^ and _ of a pooad. Aris. ?ii or —. 

16 16 *^ 16 16 

2. Add ~ and f. First reduce them to a common denomi- 
nator. They willthenbe?^a,nd*^iM?d their, sum ^5?+^ 

3. Given . i and — .^^i:^ to fimd their sum- * 

4. Given ? and ~ h::? ' 5. Given -and -il.. 

d y y, — « 

6. Given -JLand-*-. 7. Add Hi to Ji:* 



a-f-6 a — b -. ^ d 



m- 



si Add Ili to =11. 9. Addl«, ?i to 2? 

10. Add ?^, ^,*to«^+2 

. 2 . y y, a . 

11. Add a+^, c+?f, «yand±::J. 

12. Add 42^ 23 d^Hlnnda^^^. , . 

13. Add^-f^,J^,?^ and ^. - ' -^ < 

2c c 2c xy 4c 

14. Add2(H-a?, §5±Baiid-^?^?ddi^ ^ 

123. For many purposes, it is sufficient to add fractions 
in the same manner as integers are added, by writing them 
one after another v/ith their signs. (Art. 47.) 

QvxsT.^What other ^way? 
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15. Thus the sum of - and- and — ;;-, 1*^4— -*r—. 

6 . y . 2»' ir ' y 2ff» 

124. To add fractions and integers. 

Write them one after another toitk ^i&ir ^igns / or comftri 
the integer into a fraction^ (Art, 118), and then add their fiu- 
merators. . i .. 

16. What is the sum of a and- % 

m .' . V." ! .: 

17. What is the sum of 3i an4 ^i£ 1 



18. What is the sum of 5a?;and ^+^^1 



SUBTRACTION OF FEAOTXOMS. 

125, Bjjjx.-^lhmge tie, »g^ of' the. frofitionA t6 kt sfiih 
tractfd froin ^,to.--r^mifrom'--^ '» +i 9^ <Ae» proc^.os 
in addition of fracti^n9f (Art* 1^*.) 

1. From^siibtrAct*. • ■ ^ ., . ., 

jPir^/, Reduce the fractions to a common denominator^ . 

axm=amj the numerator of the minuend. 
Thus, * hxb =bhy the numerator of the subtrahend. 

5 X m = hnty the cbmmon denominator. 

The fractions become --^ and--. 
ft/71 bm 

Secondy Ch&nge the sign before the dividing line of the 

subtrahend, as -—. 

« im bm 

•QinaiT.«-*How are integers and fhicti^rt added t Wliat ii the nde for 
subtraction of fractions ? What sign do you change ? 
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Thirds Unite the terms as in addition of fraetions; 

hnt om hm 



thu«,?!L_^^.a2^^^^ 



a. From fix aubljraot 1 . 

. '" • ^ 4 ■ , ^ 

3. From- subtract fb± 

m y 

4. From fH:!^ subtract 2?±?^. 

4 3 

6. From subtract - — . 

w . y 

6. From f±i subtjactlzl. 

c/ m 

> 3 4 

7. fVom ^ subtract-.; 

a 6 

126. Fhiettbatf may also ht subtracted, like integers, by 
MtHng fhem dowti, after their signs Are clmnged, without 
reducing them to a common denominator. 

8. From^ subtract— Hi Ans.*+*±i!; 

m y St y 

127. To subtract an integer from a fraction, or a fraction 
from an integer. 

Change the sign of the subtrahend^ and write it after the 
minuend; or^ throw the integer into the form of a fraction^ 
(Art. 113), and then proceed according to the general rule 
for subtraction of fractions. 

10. From- subtract SI. Ans. -i—ja ~ J r 



Qi^EaT.-«-How f ubtrael aa inks«r fhtta a ftaotMm> or a ftactioa ftosn an 
iateger 7 



11. From4a+-subtni«t 3a^^. 

c a 

12. From 1+ tiL Bubtract tl^ 

13. From«+3A— ^ aabtraet 3o-^+i±L. 

2 . . . ; ■ ■ 3-. I ■ 

14. FromfZ:? take £±1 15. From f±* take £=1 



6 c 



y. 



I '. - -f 



16. From -A- take -i— 17. From a— f take—, 
i — a? rf+y y . 2 . 

18. From a?+y take 2=*. 19. »om ^takc f=i 
^^ c 10 x+y 

20, From x-^^^^^ take ^"^^ +a. ^^ ;^-^/ 
2 3 ^ 



MVLTIPLICATlOI^ OF FEACTI0N8. 

128. By the definition of mnhiplication, maltiplying by a 
fraction is taking a part of the multiplicand as many times as 
there are /iAce parts of an unit in the fnuUiplier. (Art, 71.) ' 

3 

Suppose a is to be multiplied by «. 

A fourth part of a is -• 

' • - - 4 

' This taken 3 times is ?+?+?=!?. 

• 4 4 4 4. 

130. Hence, to multiply a fraction by a fraction, 
Multiply the numerators together for a new numerator^ and 

the denominators together for a new denominator. 

— ' ■ ■ ■ ■ • ' ' » 

Quest. — ^What is meant by multiplying by a fraction? Rule to mnlti- 
idy a fraction by a fraction 7 

6* '.'■•,■.,. • 
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1. Multiply — into . ' , Ans. . 

^ c 2m Scan 

2. Multiply^ into ^* ' ' .. 



w— 2 



3. Multiply <^iM into -^ 

4. Multiply f±^ into 



3+rf c+y 

5. Multiply — L-. into ?. 

/^a+3r a . . , . 1 , . 

6. Multiply together ?, f and 1^ 

7. Multiply ??,*=:^^ and J_. 

Ill y c r — 1 

8. Multiply £±^,^ and JL, 

9. Multiply 55^?=^ and?. 

^^hyd+1 7 

131. TA« multiplicatioh may ofttn be shortened^ by rejecting 
equal factors from the numerators and denominators. 

10. Multiply - into - mid £ Ans. zl 

ray ry 

Here a, being in one of, the numerators, and in one of the 
denominators, may be Omitted. If it be retained, the product 

will be . But this reduced to lower terms, by Art. 117, 

tfry 

will beeome — as before. 



Quest.— How shorten the process^ when the numerators and denomi- 
nators contain equal factors f 



11. Multiply — into J* and ^ 
IZ Multiply ±ilinto ??• 

13. Multiply ^'^^^ into A and ?L 

A ■ .:. ^. .. . «5a 

132. To multiply a fraction and an integer together. 
EUhir multiply the numerator of tkefractiom hy ^ integer ; 

or divide the denomintttor hy the integer. 

14. Time H^xa is Vt ]Pox «-?; and ?x?L«^. Adb. 

y f ' A 1 y Sf 

15. Multiply «^ into a. Dividing the deno<ninat or by a^ we 

«? . • 

have mL. 

X 

And multiplying the nutt^ratocby^Oi we have ^. But 

ax 

^^-^?, which is the same result. 
ox a? 

133. ^ fraction is multiplied into a quantity equal to its 
denominator^ by cancelling the denominator. Thus, 

16. \xb=:a. For ?x*=^. But the letter 5, being in 
o b o 

both the numerator and denominator, may be set aside. 

17. .Mult, Jul into (a—y). 18. Mult. i+?£ into (B+m). 

cH-y 3-\-m 

N.B. On the aaode. principle^ a fraetion is multiplied into 
va^Y factor in it0 iemmhuOor, by canc^Uxng that factor. 

19. Mult. — into y. 20. Mult. A into 6. 
by ^ 24 

Quest. — How xnaltiply a fraction and an integer ? How by a quantity 
equal to its denominator 7 
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SXASCPL$8. P9B PRACTICE.^ 

I. Multiply ?, ^ and 1??. 2. Mult. ? into ^±1 

3. Mult. ?5mto^. '4. Mult. ^-^^ into 8. 

2 3& ^ 24<i-|-32c 

5. Mult. ^+^ into 5«. 6. Mult. ? into ^ into 1 

7. Mult."^-?^ into ^. ' ; ;8.:Mul^ i=* into JL. ... 
3x+y abed ' z a — 

9. MBit. «x^x?x*;; •■ 10. M,lt.i!±*mto?r£ '• 

II. Mult, ax^ x6^. 12. Mult. S^x^xl 

3x 3a7 8a .4 . 

DIVi3IQN OP PSACTION8. 

134. To diride » ^aetjon' %y a framioii. 

Invert the divisw, and then proceed as in multiplicatwn. 
of fractions. (Art. 130.) 

1. Divide - by _. Ans. ^X= — . 

b d' b e be 

To understand, the reaspn of the rule^ let it be premised, 

that the product of any fraction into the«ame fraction inverted, 

is always a unit. . 

Thasfxi-^^i. i . And -i^x*+2-l. . . 

b a ab hxy a 

But a quantity is not altered by muUiplyiiig it by a unit. 
Therefore, if a dividend be tt^nltdplt^d^ first into the divisor' 
inverted, and then into, the divisor itself, the last product will 



Quest. — How divide one fraction. by another? Explain the reasoa 
<^ tile rule? 
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be Hiqual to the dividend, Ndw, by the definition, (Art. 91,) 
"division Js Bn4ing k' quotientV whick multiplied into the 
diyiMOt will prodace the dividend." And as the dividend 
aaultiplie^ into the ^vlftor inverted it such 4 qnamtif y, the 
quotient is truly found by the rule. 

■ * • . ■ . . 

^'^^^* SSf ^ v" "" 2? ** dividend. 
3.Diwde^by^. ' 4u Divide — by ^• 
5. Dmde -^ by _. 6. Divide -g- by -^. 

7.i Divide * '" 



. 135. To divide a fraction by an integer. 

JKtsUe lAt. numer^Uir bif ^ given itu^gtr^ when it con be 
done without a remainder ; but when thie cannot be done^ pml- 
iiply the denominator by the integer* 

8. Thus the quotient of -r- divided by «, is t- 

1 . . ' I • 3 

9. Div. rby A. Ans. -r — r-t-. 10. Div. rby 6 

a—b ^ ah—bh 4 ^ 

136. To divide an integer by a fruetion 

Reduce the integer to the form of a fraction^ (Art. 113,) 
and proceed aa in Art. 134. Or, multiply the integer by the 
denominator^ and divide the product by the numerator* 



QvxsT. — How many ways to divide a fraetion by an integer 7 What 
are they ? How does it appear, that multiplying the denominator divides 
a fraction 7 How divide pIi integer hy n.48Ction f 
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' d^i ' ^ '■■'^•-^ ■ '. -y - ■ : Sim J . 

. 12. J)iT^a:y by tJt. .. .- .-, . , 13- .Bi^;«^-H^^y l2d '.. 

14. Div. 3a<; — ^a?by^. 

136.a. By the dcfioitioii, (Ait- 3a,) "the rmptoea ot a 

qaantity is the quotient arising from dividing a unit by that 

quantity." ..,- - 

u ' n b h — , 

Thereft>«e the tBciproct^ of - is 1 — t — * ^ *^ ** ::• -*■"** 

' Tht reciprocal of a fraction is th^ fraction inverttd. • 

Thus, the reciprocal of ^^ is ^^ ; th^ reeipapocal.i^f 

1 3ii 
— is-:por3y5 the i:eCti(iKOcal pf ^ is 4. 

Hence the reciprocal of a fraction whoso nuiwirator ia 1, 

is the JenomYTto^or of the fraction. 

Thus, the reciprocal of - is a^ of -^^j is a+J, &c. 

EXAUP^ES FOa PB.ACTICB* 

1. Dmde by 3<it.. ; 

\^. ., 10aa?a?-f i5tf6ir ' ^ 

2. Dmde — - ^^ by 5aap* , 

3. Divide — i— by 3a. 



Quest.— What is the x«ciproc%l of a fhictifm ? 



.^v 13641-137.] 



MUgiiMxaam. 
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4.Diyide£±!=f byrf. 
Zed 

5. Divide 2±*. by i • 

6. Pivide— W i ' '. 

3o*; '4 + 2* 

7. Divide f±i by -i:. 

3 0—6 

8. Divide fi^ by 1'; 



9. Divide ?f*=±3L by fh^ 
6 2 

10. Divide 21dbe by2?t 



11. Divide,8iyby?^ . . 

12. Dkide iaix.liyM?-3!l . 

a '^ 2» 

, H. Divide 2aji^ by (c+^. 



SKC'TIQN YII. 



vf 



SIMPLE EQtrATION'fir. 

137. Most of the investigations in algebra tire carried on 
by means of equoHmw. In the solatum of prol^nns, for ex- 
ample, we represent the unknown quantity, or number Boi:^ht 



by a certain letter ; and then, to ascettaiii t\ip value of this 
unknown quantity, or letter^ We'fof^ an algebrtxic expr^sicn 
from the conditions of the question, which is equal to soine 
given quantity or number. Thus, . i .^ ' .. 

A drover bought an equal number' of she^p and cows^^fn^ 
$840. He paid $2 a head for the sheep, end $ 12 a l^a4 for 
the cows. How many did he buy jof each 1 : 

opekatiii:k. ' . . ;<L .r 

Let ar=the number bought of eiich. • . 
then 2a^= the price of all the sheeph ^ 
and 12ap= " " cows. Hence, 

2a?+ I2af=840 by the cdnditioiis, ' (Ax. 9.) 

14x=8l0 by uniting the x's. 
and x=:60, the number bought.bf^acb. . . ^^ <,: 
It will be perceived that the unknown qucmiUy or number 
sought^ is represented by the letter « i ai^d froDj) tb^. condi- 
tions of the problem we obtain the quantity I4x/wnicn is 
equal to the given quantity $840. This whole algebraic ex- 
pression, 14x=$840, is called an equdtv^. Hlbnde, i^ ' '^ 

13d. ^n EQUATION is a proposition expressing in alge^ 
braic characters the equ<Uity betio^ <me se^, ^ ^gvfii^ties 
and anotkery or behoeen dtff&em eoopresHons for the same 
quantity, / - 

This equality is denoted by the sign =r, w%[ich is* read 
" is equal to," or " equals." Thus, a?-|-«=&+c ; and 5+8 « 
17 — 4, are equations in which the sum of x and a is equal to 
the sum of b and c<$ 'and' the silih of )5iJadd 8 is equal to the 
difference of 17 uu] 4^ • ,. .; ' i - • < 

> 'Qufiflt.T^Hotr fii^ isvtttiglKticns ngteerilly. QMrrifd oii;iii^»Mge)»r^?: 
What.is am€«satm| W^^mn iJ^Mm^^m afvk ^luitu^^ ? ,. 
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The qoantittet on the two side* of the sigfn = are <$alled Mem- 
h^$ of the equation ; the several termt on the left constituting 
the first member, and those on the right the iecand member. 

139« When the unknown quantity is of the firit powtr^ as 
Bxj the proposition ie ealled • simple equaliah ; or an equa- 
tion of the firitdtgru. 

140. The reduction of an equation comists^ in bringing the 
unknown quantity hy itself on one aidsj and all the known 
quantities on the other side^ without destroying the equality of 
the members. 

To effect this^ it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal, 
If the same or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. % 
If each be siWhp/Mc{ by the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

140. a. The principal reductions in simple equations are 
those which are effected by transposition^ multiplication and 
division, \ 

BEDUCTION OF E Q IT A T I O N S BT TE AN S POS I T I N. 

141. In the equation x — 7=9, the number 7 being con- 
nected with the unknown quantity x by the sign — , the one 
is subtrat^ed from the other. To reduce the equation, let 
7 be added to both sid^s. It then becomes or— '7+7=r9+7. 
(Art. 59.) 

The equality of the members in preserved, because one is 
increased as much as the other. (Axiom 1.) But on one 

QuxsT. — What is a simple equation ? In what does the reduction of an 
equation consist ? How are the principal reductions effected t 
7 
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Bide, we have ~ 7 and +7. As these are equal, and have con- 
trary signs, diey balance each othety and may be cancelled. 
The equation will then hex = 9+7. (Art. 54.) 

Here the value of x is found. It is shown to be equal to 
9-|-7, that is to 16. The equation is therefore reduced. The 
unknown quantity is on one side by itself, end all the known 
quantities on the other side. 

In the same manner, if a:— 'ft=o 

Adding b to both sides a^— ft-|-A=a-|-& 

And cancelling (—h+b) x=a-\^. Hence, 

142. When^ knovm quantities are connected with the unknown 
quantity by the sign -^ or --, the equation is reduced by trans- 
posing Me known quantities toihe other side^ and prefixing the 
contrary s^n. 

This is called reducing an equation by addition or suhtraC' 
tion^ because it is, in effect^ adding or subtracting certain 
quantities, to or from each of the members. 

1. Reduce the equation a:-|-3&— ?n=A— rf 
Transposing -f-36 we have x^m=h — d — Bb 
And transposing — m, x==h—^d — 3J-[-m. 

143. When several terms on the same side of an equation 
are a/iA;^,*they must be united in one, by the rules for reduc- 
tion in addition. (Arts. 50, 51.) 

2. Reduce the equation a?-f-5ft— 4A=76 
Transposing 56 — 4A a?==76 — 56-J-4A 

Uniting 76—56 in one term ar=26-f-4A. 

144. The unknown quantity must also be transposed, when- 
ever it is on both sides of the equation. It is not material 
on which side it is finally placed. 

Quest. — ^Rule lo reduce an equation by transposition ? How does it 
appear that this does not destroy the equality of the men^^ers ? When 
several terms are alike, what must be done ? When the unknown quan- 
tity is on both sides of the equation, what ? 
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3. Reduce the equation 2x+2h=A'{^+3x 
By tramspoBitioii, 2A— A— J=8dP — 2a? 

And h — drr-x.. i 

145. Wnen the same term^ with the same sign, is on oppo' 
site sides of the equation, instead of transposing, we may ej?- 
punge it from each. For this is only subtracting the same 
quantity^from equal quantities. (Ax. 2.) 

4. Reduce the equation. a+dk+^i^ib+BA+ld 
Expunging 3A a:-j-<fc=:6-f 7i 

And a?=64^. 

146. As all the terms of an equation may be transposed, 
or supposed to be transposed, and it is immaterial which 
member is written first, it is evident that the sigfu of all the 
terms may be changed^ without affecting the equality. 

Thus, if we have x — 5=rf — a 

Then by transposition, — d | -0 =- — a?-|-A 

Or, inverting the members, — x^b=: — d-\-a* 

147. If all the terms on one side of an equation be trans- 
posed, each member will be equal to 0. 

Thus, if x+ b==df then a?-(-J— </=^. 

5. Reduce a+2x — S=b — 4-|-a?-f-*. 

6. Reduce y-^^b — hmz=ch\-2y — ab-\-hm. 

7. Reduce A-f304^7a?=8— 6A+6a?— J-j^. 

8. Reduce 6A-(-21— 4x4-d=12— 3a?+c/— 76A. 

9. Reduce 5x+lp+fl=25-f4a?4.fl. 

10. Reduce 5c+2a?+12— 3=a?-f 20-|-5c. 

11. Reduce a+b — 3af=20-fa--4cc+5. 

12. Reduce a?-f 3— 2a?— 4=34+3a?^- 4--5x. 



Quest. — ^When the same term witli the same dign is on opposite sides, 
what ? What is the effect when all the signs of both members are changed 
at the same time 7 If all the terms on one side are transposed to the 
other, to what is each member equal 1 
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EfiDVGTIOM OF EQUATIOITS BT X VLTIPI«IC ATI Olf . 

148. The unknown quantity, instead of being connected 
with a known quantity by Ab sign -{- or — ^ may be divided 

by it, as in the equation - =6, 

Here the reduction can not be made, as hi the precedfaig 
instances, by transposition. But if both members be multi' 
plied by a, the equation will become, x=ab» (Art. liO.) 

For a fraction is multiplied into its denominator^ by remoth 
ing the denominator. (Art. 133.) Hence, 

149. When the unktioiim quantity is dfvidbd by ajmovm 
quantity, the equation is reduced by xultiplyino evep^term on 
each side by this known quantity, (Ax. 3.) • >^ 

N. B. The same transpositions are to be VEtkie in this case, 
as in the preceding examples. 

13. Reduce the equation - -}.^i=&^ 

Multiplying both sides by c 

The product is a?+ac=6c-fcd 

And x=:bc+cd—ac. 

a?— 4' 

14. Reduce the .equation ^-g — f-5=20. 

X 

15. Reduce the equation —jj-+d=zh, 

150. When the unknown quantity is in the denominator of 
a fraction, the reduction is made in a similar manner, by 
multiplying the equation by this denominator. 

Quest. — ^Row is an equation reduced by mnltiplieatioh ? How is a 
fVaction multiplied into its denominator ? How does it appear that this 
method of reducing equations does not destroy the equalitj 7 When the 
unknown quantity is in the denominator, hew proceed 7 
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16. Reduce the equation ^^ 1-7=8- 

10—0?^ 

151. Though it is not generally necessary, yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of knoion quantities only. This may be done in the 
same manner as the denominator is removed from a fraction, 
which contains the unknown quantity. 

17. Take for example -=^+^ 

a b c 

Multiplying by a x=i^+^ 
b c 

Multiplying hy b bxz=:ad+ —2. 

c 

Multiplying by c bcx=zacd+abh. 

152. ^n equation may be cleared of fractions by mtUiipIy' 
Vig each side into all ^e DSifOiniNATeRS. 

Obitr, In clearing an equation ofCractiona, it often happens, that a du- 
merator becomes a multiple of its denominator, (L e. can be divided by it 
without a remainder,) or that some of the fractions can be reduced to lower 
terms. When this occurs, the operation may be shorterud by performing 
the division, and reducing the fractions to the lowest tenns according to 
Art. 117. 

18. Reduce the equation -=r-+!.-A. 

a d g m 

19. Reduce the equation ?=?+-+?. 

A> O ^ J> 

153. N. B. In clearing an equation of fractions, it will he 
necessary to observe, that the sign — prefixed to any frac- 

QuEirr. — ^How clear an equation of fractions ? How prove that this 
does not destroy the equality ? When a numerator becomes a multiple of 
its denominator, what may be done ? When a fraction can be reduced to 
lower terms, what ? What roust be observed as to the sign — before the 
dividing line ? 

7* 
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tion, denotes that the whole value^is to be subtracted, which 
is done by changing the signs of all the terms in the nnme* 
rator. (Art. 114.) 

aO. Reduce =« — -^ . 



21. Reduce ?— 5=6. 

3 4f 

22. Reduce ^^1+^+^ 

5 5 5 10 

23. Reduce 2ap-^«12+l 

5 25 5 

24. Reduce _a:+^+$-^+±-"L 

2 4 7 14 4 



REDUCTION OF SQVATIOIfS BT PIVISION, 

> 154. When the unknown quantiiy «9 multipubd into any 
kwnon quantiiy y the tquatian is reduced by nrnpiNO every term 
on both sides by this known quantiiy. (Ax. 4.) 

25. Reduce the equation aa?-f-d — 34««c2 
By transposition <MD»=i-|-3A — b 

Dividing by a «i— -it — HI—, 

26. Reduce the equation 2x-«-— -+45. 

■ c A 

155. If the unknown quantity has co- efficients in several 
termSj the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 93. 

Quest.— Wliat does this lign, whem thus sitvfttcd^ show? When ths 
unVnown quantity has a co-effieient, how reduce the eqaataum 7 If the un- 
known quantity has a eo-effieient in sevenl terms, how I 
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27. Reduce. the equation 3j^--&r2=rii — d 
That is, (Art. 97,) (3—b)x(t=a-^. 

Dividing by 3— 6 *=^5« An». 

28. Reduce the equation aa?^a7=A— 4. 

29. Reduce the equatiofi 



X — b a+d 



A "* 4 

156. If any quantity, either known or unknown, is found 
as a factor in every term, the equation may he divided by it. 
On the other hand, if any quantity is a divisin- in every term, 
the equation may be mttbipUtd by it.. In this way, the factor 
or divisor will be removed, so as to render the expression 
more simple. 

30. Reduce the equation aa?-(-3a3=6ad-|-a 
Dividing by a a;+36=6d-f 1 
And a?=6(/+l— 3ft. 

x+i ' b h — d 

31. Reduce the equation — ' — — =» 

XXX 

Multiplying by a?, (Art. 133,) x+1 — b=h—d 
And x=h — d+b — 1. 

y 32. Reduce the equation x x (a+ft)— a — b=zd x (ji+b). 

157. ^proportion is converted into an equaiion by making 
the product of the extremes^ one side of the equations and the 
product of the means, the other side, 

33. Reduce to an equation ax:b::ch:d. 
The produc^of the extremes is adx 

The product of the means is bch 

The equation is, therefore, adx'^bcA, 

34. Reduce to an equation a-^b : c : : h — m : y. 



QxTssT.— If any quantity is found as a factor in every tenn, how 7 How 
convert a proportion into an equation I 



^^ ^^ ALGEBH A. [Sect. Vn. 

I 158. On ih$ aker kand^ an tquaHan may be emverted into a 
proportion^ by resolving one side of the equation into two factors^ 
-7 for the middle terms of the proportion ; and the other side into 

J^ two factors^ for the extremes. 

;i^ 35. Convert the equation, adx=sabch^ mto a proportion. 
The first member may be divided into the two factors ax 
,^ andcf; the second into ch and b. From these factors we 
1 may form the proportion ax:b::ch:d, 
: ,- ^36. Reduce to a proportion ay+dya^cA — cm. 
^ 37. Reduce the equation l6x+%^^, 

^ 38, Reduce the equation 4a?— 8== — 3a7+13. 

s ; 39. Reduce the equation 10a? — 19=7a?+17. 

^ 40. Reduce the equation 8x— 3+9=a-- 7a?+9+27. ^ 

gUZBSTITUTION. 

159. In the reduction of an equation, as well as in other 
parts of algebra, a complicated process can often be rendered 
shorter and more simple^ by using letters for the given num- 
bers when large, (Art. 35 ;) and also by introducing a new 
letter which shall be made to represent a whole algebraic ex- 
pression. 

160. This process is called substittjtion. After the opera- 
tion is completed, the numbers^ or the compound quantity for 
which a single letter has been substituted^ must be restored. 

41. Reduce _?-+-L=l. 
750^375 

Clearing of fractions, 375a?+3 x 750= 1 x 750 x 375 

50--! 

375 



and :r=?81250-2250^,^^ Ans. 



Quest. — ^How can an equation be converted into a proportion ? What 
is meant by substitution ? What is the advantage of it 7 After the ope- 
ration is performed, what must be done 7 
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By substituting a for 750,- h for ^j and c for 375,- the 



equation becomes ?-l^ — j 
a ' c 



Clearing of fractions, ca'-fa5=oc: and x=za ^— . 

c * 

Restoring the numbers, a?=750— ?ii2?£=:744. Ans. 

375 

42. Reduce 4.6=84.. Substitute a foir 3 j d for 4 5 c for 
6 \ and d for 84. 

43. Reduce J--|.!^= 10. Substitute a for 350; b for 
4500,- c for 7000 ; and d for 10. 

44. Reduce-^+^=.&. Substitute d for (»i+n), and the 

equation is-4i!«5. 
(/ c 

Clearing of fractions, €a?-}-aJ:^Acrf j and a?«*i£zi!^: restor- 

bg (fli+n) J ^■, K^+^)~g(m+^) 
c 

45. Reduce—^ J^^^ah. Substituted for (/-w-«). 

. Reduce £~ ^^ =crf. Substitute A for (6+c+cO. 



EXAMPLES POK PBACTICB. 

3a? . ^ 5a? 



1. Reduce ^6==£5^7. 

2. Reduce f+A=:?~^A 

a be 

3. Reduce 40-6a;-16=sl2D-14«. . v.. 



1 
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f*. Reduce '^"^ i !!=20-^=^- 

1 
- 5. Reduce f+?=20--. ,, .' '- , 

- 6. Reduce izif_4,=5. 5 , 

X ! * - 



K. 



7. Reduce -i ^2=8. ' "^ 



V ^ /"^ 



«-f4 /-•/</ 

8. Reduce -5i_=l. ;,. ^^ 

•r-j-4p / '■< 

9. Reduce <t+?J.?=ll. 7/ - ;' 

^2^3 

10. Reduce ?+?_?=!. . - .. 

2^3 4 10 

11. Reduce ^+6x=^ ^*~"' . ■ '- 

4 ^ 5 ' / 

12. Reduce 3x+?^=5+ii^ - 

5 2 ' ' 

13. Reduce 5£zi_2=l!=!^4*. 

3 3 ^^ 

14. Reduce 2l+!^?=H=5£^+?!z:^ 

^16 8^2 

15. Reduce 3» j 4= 



12* 
^- 16. Reduce 2f+5_16+4._^_g_3^ 

- 17. Reduce i:^-*l±^=5-6x+!^. 

- 18. Reduce it g— +4=— ^ ^p-j — ^ — 
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19. Reduce 6a?+7 7a>^13 _2a?4.4 

9 • 6a?+3 3 

20. Reduce ^5+^:1^: :7:4. 

2 4 

SOZiUTION OF PEOBLStfS. 

161. For the solution of problems in Simple Equations, we 
derive from the preceding principles the following 

GENERAL EXTLE. 

I. Translate the statement of the question from common to 
algebraic language^ in such a manner as to form an equation^ 
i. e. put the question into an equation. (Art. 33.) 

II. Clear the equation of fractions by multiplying every term 
on each side by all the denominators. ^ (Art. 152.) 

III. Transpose all the terms containing the unknown quaniity 
to one side^ and all the known quantities to the other^ taking 
care to change the signs of the terms transposed^ and unite the 
terms that are alike, (Art. 50, 51.) 

rV. Remove the co-efficients of the unknown quantity^ by divid- 
ing all the terms in the equation by them. (Art. 154.) 

FROOF.—SubstitiUe the value of the unknown quantity for the 
letter itself in the equation ; and if the number satisfies the 
conditions of the questiony it is the answer sought. 

Problem 1. A man being asked how much he gave for his 
watch, replied j If you multiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remainder 
will be equal to 220 dollars. 

To solve this question, we must first translate the condi- 
tions of the problem into such algebraic expressions as 
will form an equation. 

Quest. — ^What is the first step in the solution of a problem ? Second 7 
Third? Fourth? Proof? 



h 



r 



84 ALGS8&A. [Seet.VII. 

Let a?3sthe price of the watch* 

This price is to be mult'd by 4*) which makes 4jt 

To the product, 70 is to be added, making 4a;-|-70 

From this, 50 is to be subtracted, making 4r4-70^50. 

Here we have a number of the conditions, expressed in 
algebraic terms ; but have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4a?+70 — 50=220 

Which reduced gives a?r=50 

Here the value of a? is found to be 50 dollars, which is the 
price of the watch. 

Proof. — ^The original equation is iay+^O— 50=220 

Substituting 50 for a?, it becomes 4 x 50-f 70— 50 = 220 

That is, 220=220. 

Prob. 2. What number is that, to which, if its half be added, 
and from the sum 20 be subtracted, the remainder will be a 
fourth of the number itself 1 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ^ is the same as 



55thatfr=??, &c. (Art/ 108.) 

9 O 



207 

Let a?=the number required. 
Then^by the conditions proposed, ^-|— — 20=- 
And reducing the equation a;=sl6. 

Proof, 16+15—20= ^^ 



2 4 

Prob. 3. A father divides his estate among his three sons, 
in such a manner, that, 

The first has $1000 less than half of the whole ; 
The second has 800 less than one-third of the whole , 
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The third has 600 le8s than one fourth of Ihe nrhole ; 
. What is the valae of the estate % 

Prob. 4f, Divide 48 into two such parts, that if the less be 
diTided by 4, and the gitei^ter by 6^ the sUm of the qae«i«its 
will be 9. . 

Let J7 =: the smaller part. 

Then 48 — w = the greater part* 

By the eonditions of the problem, - -j ^-^ = 8. 

162. Letters may be employed to express the known quan*- 
titles in an equation, as well as the unknown. (Art. 159.) 
A pairticular value is assigned to the letters^ when they are 
introduced into the calculation | and at the close, the num-» 
hers are restored. (Art. 35.) 

Prob. 5. If to a certain number, 720 be added) and the sum 
be divided by 125, the quotient will be equal to 7392 divided 
by 462. What is the number 1 

Let wss: the number Ir^uired. 

0=720 rf=t73W 

fr=tl2^ A«4e2 

Then by the conditions of the problem, — i- =» -• 

b h 

Therefore j?= "^f ■ 

h 

Restoring the numbers, x = (l^ii^^?^?^^!*^ = 1280. 

162.a« When the solution of an equation brings out a nega^ 
tive answer, it shows that the i^ue of the unknown quantity 

Quest.— When letteri lure substituted for known quantities, what must 
be done at the close of the caleuiatton? When the solution brings out 
a negative answer, what does it show ? 
8 
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is coTittary to tiie quantities, which iti the stutemeht of the 
question are considered pontivt. But this being deter- 
mined by the answer, the omission of the sign ^ before the 
unknown quantity in the course of the calculation, can lead 
to no mistake. 

Prob. 6. A merchant gains or lones, in a bai^gain, a certain 
sura. In a second bargain, he gains 350 dollars, and in a 
third, he loses sixty. In the end he finds he has gained 200 
dollars, by the three together. How much did he gain or 
lose by the first 1 

In this exapaple, as the profit and loss.are opposite in theiir 
nature, they must be distinguished by contrary signs. (Art» 
39.) If the profit is marked +> the loss must be — • 

Let Xz=. the sum required. 

Then acco^ditig to the statement, x>f 350— 60=200 

And 07= —90. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting \ 

Prob. 8. If a certain number is divided by 12, the quotient, 
dividend, and divisor, added together, will amount to $4. 
What is the number 1 

Prob. 9. An estate is divided among four children, in such 
a manner that 

The first has 200 dollars more than \ of the whole. 

The second has 340 dollars more than \ of the whole. 

The third has 300 dollars more than \ of the whole, 

The fourth has 400 dollars morethan \ of the whole, • 

What is the value of the estate ^ 

Prob. 10. What is that number which iis as much less 
than 500, as a fifth part of it is greater than 40 1 

Prob. 11. There are two numbers whoile difference is 40, 
and which are to each other as 6 to 5. What are the numbers 1 
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Prob. 12* Three persons, a, b and c draw prizes in a lot- 
tery. A draws 200 dollars ^ b- draws as mueh as a, together 
with a third of what c draws ; and c draws as much as a and 
B both. What is the amount of the three prizes 1 

- Prob. 13. What number is that, which is to 12 increased 
'by three times the numbery as 2 to 9 ? 

>• Probk 14. A ship and a boat are descending a river ut the 
same time. The ship passes a certdin fort, when the boat 
is 13 miles. below. The ship descends five miles, while the 
boat descends three. At what distance below the fort will 
they be together 1 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 1 

Prob. 16^ Divide a. prize of 2000 dollars into two such 
parts, that one of them shall be to the oUier, as 9 : 7. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94* 
dollars? 

Prob. 18. Two travellers, A and b, 360 miles apart, travel 
towards each other till they meet, a's progress is 10 miles 
an hour, and b's 8. How far does each travel before they 
meet 1 

Prob. 19. A man spent one-third of his life in England, 
one-fourth of it in Scotland, and the remainder of it, which 
vms 20 years, in the United States. To what age did he live % 

Prob. 20. What number is that, |^ of .which is greater than 
J of it by 96 1 

Prob. 21. A post is | in the earth, f in the water, and 13 
feet above the water. What is the length of the post 1 

Prob. 22. What number is that, to which 10 being added, 
I of the sum will be 66 1 
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Probu 23. Of the trees in an orchard, f are apple trees, ^ 
pear trees, and the remainder peach trees, which are 2Q more 
than ^ of the whole. What is the whole number of trees in 
the orchard ? 

^ Frob. f>l«. A gentleman bought seT^ral gallons of wine for 
94> dollars ; and lifter using 7 gallons himself, sold \ of the 
remainder iox 20 doUsMrs. How many gallons had he at first 1 V 
V' Prob. 25. A and b have the same .income, a contracts i / 
an annual debt amounting to 4* of it $ b lives apon | of it| 
at the ead of ten years, b lends to a enough to pay off his 
debts, and has 160 dollars to spare. What is the income of 
each? jjr /^. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after baring. been married 5 years more than \ of his life, 
he had a son who died 4 years before him, and who re^ehe^ 
only half the agQ of his father. To what age did the father 
livel 

Prob. 27. What number is that, of which if J, J and f be 
added together the sum will be 73 1 

Prob. 28. A person after spending 100 dollars more than -} 
of his income, had remaining 35 dollars more than | of it. 
Required his income. 

Prob. 29. In the composition of a quantity of gunpowder. 
The nitre was 10 lbs. more than f of the whole. 
The sulphur 4}^ lbs. less than J of the whole. 
The charcoal 2 lbs. less than ^ of the nitre. 
What was the amount of gunpowder ? 

Prob. 30. A cask which held 146 gallons, was' filled with 
a mixture of brandy, wine and water. There were 15 gal- 
lons of Y^ne more than of brandy, and as much water as the 
brandy aSd wine together. What quantity was there of each 1 
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Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of whieh B paid three times as Tbuch as A ; 
C paid as much as A and B ; and D paid as much as C and 
B. What did each pay I 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by 3, be less 
than the^ third by 10, greater than the fourth by 9, and le'ss 
than the fifth by 16. 

Prob. 33. A father divided a small sum among four sons. 

The third had 9 shillings more than the fourth ; 

* The second had 12 shillings more than the thhrd ; 
The first had 18 shillings more than the second; 

And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 
What was the sum divided 1 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain 1 

/' Prob. 35. An express, travelling at the rate of 60 miles a 
day, had been despatched 5 days, when a second was sent 
after him> travelling 75 miles a day. In what time will the 
one overtake the other 1 

Prob. 36. The age of A is double that of B, the age of B 
triple that of C, and the sum of all their ages 140. What is 
the age of each 1 

* ''•■ Prob. 37. Two pieces of cloth, of the same price by the 
yard, but of different lengths, were bought, the one for JES, 
the other for £6^. If 10 be added to the length of each, 
the sums will be as 5 to 6. Required the length of each 
piece. 

8* 
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Prob. 3S. A and B began trade with equal sums of money. 
The first year, A gained forty pounds^ and B lost 40* The 
second year, A lost ^ of vtiut^ he had at the «nd of the firsts 
and B gained 40 pounds less than twice the sum which A 
had lost. B had then twice as much money as A. What 
sum did each begin with 1 

Prob. 39. What number is that, which being sereraUy 
added to 36 and 52, will make the former sum to the latter^ 
as 3 to 4 1 { 1^ 

Prob. 40. A gentleman bought a-chaise, horse and harness 
for 360 dollars. The horse cost twice as much as the har- 
ness I and the chaise cost twice as much as the harness and 
horse together. What was the price of each 1 

Prob. 41. Out of a cask of wine, from which had leaked 
i part, 21 gallons were afterwards drawn ; when the cask 
was found to be half full How much did it hold 1 
. Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such parts, that 
the greater increased by 6, shall be to the less diminished 
by 11, as 9 to 2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 / i * /j 

Prob. 45. A person bought two casks of porter, one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then found that there were 4i 
times as many gallons remaining in the larger, as in the other. 
How many gallons were there in each % 

Prob. 46. Diidde the number 68 into two such parts, that 
the difference between the greater and 84, shall be equal to 
3 times the difference between the less and 40. .' 
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Ftph- 47. font plaeea^ajce si^uiite^ iB the <Nr4er of the let- 
ters Xj ^ c, D. ThedistaoeQ from a to p is 34 miles. The 
distance from a to b is to the distance horn c to p. as 2 to 3. 
And ^ of the distance from > to b, added to half the distance 
from G to D, IS three times the distance from b to c. What 
are the respective distances !l , /? - .y * 

Prob. 48. Divide the. number 36 into 3 such parts, that ^ 
of the first, j of the si^cond, and ^ of the third, shall be equal 
to each other. ^ , 

Prob. 49. A. merchant, sapported himself 3 years, for £50 
a year, and at the end of each year added to that part of his 
stock which was not thus expended, a sum e(|«ial to one-third 
of this part. At the end of the third year his origkial stock 
was doubled. What was that stock % .V, "* - 

Prob. 50. A general having lost a battfe, found that he had 
only half of his arnay 4-3600 men left fit for action $ i ^ the 
army-4-600 men being wounded ; and the rest, who were ^ of 
the whole, either slain, taken prisoners, or missing. Of how 
many m6n did his army consist 1 y \ '^ ■* ^ 



SECTION VIU. 

INVOLUTION. 



Abt. 163. Definitions. — (1.) When a quaniUy is multiplied 
into itself y the product is called a powers Thus 3 x 3b:9 ; and 
dxd=sdd. The 9 and dd are powers of 3 and d, 

(2.) Powers are divided into different orders or degrees, as 
thefirst^ second^ third^ fourth^ fifth powers j SfCy which are aiso 
eallefl the square^ CMbe^ hiquadratSy ^c. 

Quest. — What is a power ? How are powers divided? What is the 
second power called ? Third 7 Of ourth ? 
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They take their name from the niunbev of times the rooi^ or 
farst ponoety is used as n factor in prodacing the giv^n power. 

The original quantity i« called the^r*^ poioer or root of all 
the other powers j because they are all derived from it. 

Thus, 2x2=4, the square or second power of 2. 

2x2x2=8, the cube or third power. 
2x2x2x22=:16,the biquadrate or fourth power, &c. 

And ax a»=aa, the second power of a. 

ax ax a=iaaa, the third power, 
a X a X a X d<»aaafl, the fourth power, feci 

(3.) The number of times a quantity is employed as a 
factor to produce the given power, is generally indicated by 
a figure or letter' placed above it on the right hand. This 
figure or letter is flailed the index or exponent. -Thus ax a 
h written a^ instead of aa j and a x o Xti=a'. 

The index of the first power is 1 ; 6tt^ this is commonly 
omitted^ for a^ =tf. ^ 

Obser, An index is totally different from a coefficient. The latter showa 
how many times a quantity is taken as a part of a -whole ; the fitmur 
how many times the quantity is taken as 2l factor* Thus 4a=sfls-|-a-(-fl-(-a ; 
but a^ =aXaXaXa^aaaa. If a»4, then 4a3sl6; and a4s=256. 

(4.) Powers are also divided into direct and reciprocal. 

Direct Powers are. those which have positive indices, asd^^ 
d^y &c., and are produced by multiplying a quantity into itself 
Thvis dxd=d^ ', dxdxd^d^; wcid dxdxdxd=d^. 

A Reciprocal Power of a quantity is the quotient arising 
from dividing a t<ni^ by the direct power of that quantity, 

asi-, i., -1, &c. (Art. 32.) 

Quest. —From what do ihey take their name 1 What is the first 
power? How are powers denoted? What is this number called? 
What does it show ? What is the difference between an index and a 
co-efficient ? What is the index of the first power ? Is it usually writ- 
ten ? How else are powers divided ? What are direct powers ? Reci- 
procal poweii ? 
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It is produced by dividipg a direet power hy its root^ till 
we come to the root itself; and then cannniiinf the division, 

we obtain the reci^rpcal powers. Thus — =rf* ] and --j-—d\ 
' d d • 

ttnd -5=1: and --^d^ — : and _-r-£i=-L, &Ci 
d d d^ d^ d^ 

For convenience of calculation, reciprocal powets ^re 

written like direct powers with the sign — - before the index; 

thus_.=rf2^ ^^5^ Tijg direct and reciprocal powers of d^ 

are dS rf», d^, d^, i^, d-^, d'^, c^ -^ d\ &c. 

164. Involution is the process of finding any powe* of a 
quantity by multiplying it into itself, Hence, 

165. To involve a quantity to any required power* 
SuLS. — Multiply the quantity into iiselff till it is taken ai a 

factor as many times as there are units in the index of the power 
to which the quantity is to be raised, (Art. 80.) 

N. B. All powers of 1 are the same, viz. 1. For 1 X 1 X 
IXl, &c. c=l. 

166. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as a factor as many 
times as there are units in that index. 

N. 6. If the letter or quantity ha^ a co-efficient^ it most be 
raised to the required power by actual multiplication* 

1. The 4th power of a, is a^, or aaqa* (Arts. 163, 165.) 

2. The 6th power of y, is y®, or yyyyyy* 

3. The »th power of x, is a?", or xxx . . . n times repeated. 

4. Required the 3d power of 3a?. 



Quest.-— How are reciprocal powers writtea ? What ia iavolutiDn ? 
The rule } What are all powers of 1 7 How is a siA^le letter lAYoWed 7 
If the quaatity has a co-efficient, what must be done Fith it 7 
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5. Eequired the 4th power of 4y. 
. 6. l^equired the 7th power of 2a. 

167. The method of iDvolFiug a quantity which coasists of 
several factors, depends on the principle, that the power of 
the product of several factors is equal to the product of their 
powers. 

7. Thus {ayY^ahj\ For by Art. 164, (ayy=ayxay. 
But ay X ay^ ayay ^ aayy = ahf\ 

8. What is the 3d power of 6mx 1 

9. What is the «th power of ady 1 

In finding the power of ei product, therefore, we may either 
involve the whole at once; or we maiy involve each of the 
factors separately, and th«n multiply their several powers into 
each other. . 

10. What is the 4th power of dhy 1 

1 1. What is the 3d power of 46 1 

12. What is the nth power oi%ad% 

13. What is the 3d power of 3»» X 2y ? 

168. Signs. — When the root is positive, all its powers are 
positive also ; but when the root is negative, the odd powers are 
negative, while the eyen powers are positive. (Art. 82.) 

169. Hence any odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. Thus -fax +a=a2, ^.nd — ax — a=a2. 

170. To involve a quantity which is already a power. 
Multiply the index of the quantity into the index qf the 

power to which it is to he raised. 



Quest. — On what principle does the method of involving a quantity 
which consists of several factors, depend ? How then may we find the 
power of « pradnctl Rule for signs ? Does this differ from the rale fbr 
signs in multifdication ? What sign has every odd power? Even pow- 
ers ? How involve a quantity which is already a power ? 
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14. The :3d power of a*, is a» • »=;;a«. . 

Foro*=aa: and the cube o{ aa is aaX€^Xam=aaaaaa=:a^ j 
which is the 6th power of a, but the third power of a^. 

15. Find the 4th power of a'i^. ^ 

16. Find the 3d power of 4ia?x. 

17. Find the 4th power of 2a^ x 2x^d. 

18. Find the 5th power of (a-{-b).^ 

' 19. Find the 2d power of (fl+i)^ ' ; 

- 20. Find the nth power of (*^y)"k 

^21. Find the nth power of (ar-f-y)^. ^ 

22. Find the 2d power of (o' x b^). ^ 

23. Find the 3d power of (aH^h^). 

171. ^ FRACTION is raised to a power by involving both the 
numerator and the deiiothinatori 

. 24. The square of ? is ^. For, h^ the rule for the mul- 

b b^ ; J 

tiplication of fractions, -X^=—==^ (Art. 130.) 
b b bb b^ 



25. Find the 2d, 3d and nth powers of -. 

26. Find the cube of 



a. 
2aJra 



27. Find the nth power off!!!. , * 

^ 5?8. Find the square of "" ^ i X (f+?). 
^ ^ (a;+l)« 

172. A compound quantity consisting of terms connected 

by 4- Ai^cl — , is involved by an actual multiplication of its 

several parts. Thus, 

Quest. — ^How is a fraction involved? How is a compound quantity 
involved? 



M 
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29. (a4^)i=ra4^, 



f S«ct. VIII. 
the first power. 



a +b 



+ a^b+2ab^+b9 

Ca+b)^=:a^+3aH+3db^+b^y 
a + b 



the second power. 



the third power. 



0*+3aH'^3aH^+ ab^ 
4- a»^4-3a2^a4-3a4*+4* 

(a+A)* =ta^ -h.ia^b^a^b^ +4ai*+3*, foarth power. 

30. Find the square of a — b. 

31. Find the cube of «-|-l. : . 

32. Find the square of a-f-5 +-L 

33. Required the cube of a -f-2(/-f 3. 

34. Required the 4th power of 6+2. 

35. Required the 5ih power of ^-f^l. 

36. Required the 6th power of 1 — b. 

173. The squares of binomial and residual quantities occur 
80 frequently in algebraic processes^ that it is important to 
make them familiar. 

If we multiply a^-^ imo itself, and also a^hlhto iteelf^ 



37. We have a+h 


38: 


Ando — A 
— A 




— oA+A' 
a»— SoA+A". 
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Here it wil] be seen, that in each case, the firet and last 
terms are squares of a and A $ and that the nxiddle term is 
twice the product of a into A. Hence the squares of bino- 
mial and residual qaanttties, without multiplying each of th€ 
^nns separately, may be found, by thefoUowing proposition.* 

(1.) Th^ ^tuin of a binojsia^ (he terms of Vfhich are both 
positive^ is equal to the square of the first term^ + twice the pro- 
dttfi^ (^the mo termsj -^ ih^ square of the last term* 

(2.) The square of a residual gtumtUy, is equal to the square 
of the first term, — twi^e the product rf the two terms^ -|- the 
square of the last term. 

39. Find the square of 2a-|-6. 

40. Find the square of A+1. 

41. Find the square of o6+crf. 

42. Find the square of 6y-f-3. 

43. Find the square of 3d—h, 

44. Find the square of a— 1. 

174. For many purposes it will be sufficient to express the 
powers of compound quai^tities by exponents without an 
actual multiplication. 

45. Thus the square of a-fi, is a+b^ or (a^b)\ 

46. Find the nth power of 6c-j-8-|-a?. 

In cases of this kind, the vinculum jnust be drawn over 
all the terms of which the compound quantity consistSp 

175. But if the root consists of several /ac/or*, the vincu- 
lum which is used in expressing the power, may either 

. extend over the whole ; or may be applied to each of the 
factors separately, as convenience may require. 



QTJEST.-^What is tiie square of 9 biaomkl whose signs are plus f Of a 
residual ? Is it always neeessary to perfona the mtihiplication 7 How 
far must the viAculam extend when tiie nx>t contains fhctors f 

• Euclid, 2. 4. 

9 
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47. Thus the square of (a-j-ft)x(c-f-rfX i* either , 

ia+b)x(c+d)% or {a+bf x(c+<0*. 

For the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. Bat one of these is .equal to the other. (Art. 167.) 

The cuhe of a x (6-fd), is oX (6+5)3, or o^ x (fi+d)\ 

176. When a quantity whose power has been expressed by 
a Tinculum and an index, is afterwards involved by an actual 
ittultiplication of the terms, it is said to be expanded, 

48. Thus {n+h)% when expanded, becomes ii^+£a&+^. 

49. Expand (a+hJ^hy. 

BINOMIAL THEOREM.* 

177. To involve a binomial to a h^h power by actual' mul« 
tiplication, as in Art. 172, is a long and tedious process. A 
much easier and more expeditious way to obtain the required 
power, is by what is called the Binomial Theorem. This 
ingenious and beautiful method was invented by Sir Isaac 
Newton, and has been deemed of so great importance to 
mathematical investigation, that it is inscribed on his monu^ 
i»cn^ in Westminster Abbey. 

178. To illustrate this theorem, let the pupil involve the 
binomial a-|-5, (Art. 172,) and the residual a—b, to the 2d, 
3d and 4th powers. Thus, 

(a—b)^=a^—2ab+b^. 

la—by=a^-3a^b-{-3ab^—b^. 

la—by=a^—i,aH+6aH^'-4>ab^+b*. 



Quest.— i-What is itaeant by* exjMitiding a qtrantity ? What is the best 
mod^ of invoiving a binomial to a high power ? Who is the author of this 
theorem? In what light is it regarded? What is <a-f&)3 ? (^1^)37 
(a+6)*? (a— d)2? (a—ft)3? (a— 6*)? - 

• See Preface. 
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179. By a careful inspection of the several parts of the 
preceding wark^ the following particulars will be observed to 
be common to tack power, 

I. By counting the terms it will be found that the numhtr 
in each power is greater by 1 than Ithe index of that power ; 
e. g. in the 3d power the number of terms is 4 j in the 4th 
pbw^, it is 5, &c. ^ 

II. If we examine the signs we shall perceive when both 
terms of the binomial are positive^ that all the signs in every 
power ate -f- ; but when the quantity is a residual^ all the 
odd terras^ reckoning from the left, have the sign 4-) and all 
the even terms have the sign — . Thus in the ^th power, the 
signs of th^ Jlrst^ third em^ fifth terms are +, while those of 
the second z^adi fourth are — . 

IIL Let us now direct our attention to the indices* 

1. It will be seen that the index o^ the fi/rst term, or. the 
leading quantity* in each power, always begins with the ifk' 
iex; oi the propo^d power^ and. decreases I in each successive 
term towards the right, till we come to the last term from 
which the letter itself is excluded. Thus in (a±iby the in* 
dices of the leading quantity a, are 4, 3, 2, 1. 

2. The index of the following quantity begins with 1 in 
the second term,, and increases regularly by 1 to the last 
term, whose index, like that of the first, is the index of the 
required power. Thus in (a±5)* the indices of the following 
quantity b, are 1, 2, 3, 4. 

3. We shall also perceive, that the sum of the indices is 
the same in each term of any given power ; and this sum is 

Quest — How many terms are there in each power ? What signs has 
a binomial ? Residual ? What are the indices of the leading quantity ? 
Of the following quantity ? Which is the leading quantity ? The follow- 
ing ? To what is the sum of the indices in each term equal ? 

* The first letter of a binomial is called the leading qua^tity, and the 
other, the following quantity. 
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equal to the index of iAot power. Thus tl^ siim of the in- 
dices in each of the tcinns of the 4th power, is 4. 

lY. The last thing to be considere4 is the co^efficienis o( 
the several terms. 

1, The f(hefflcient of the first and last terms in each power, 
is 1 1 the co^efficient of the second and next to the last terms, 
is the index of the required power. Thus in the 3d powery 
t^e inde^ of the second and next to the last terms, is 3 ; s^d 
in the same terms in the 4th power, it is 4, 6cc, 

% It will be obserred also, that the co-efficients increase- 
in a regular manner through the^r^ half oi the terms \ and 
then decrease at the same rate through the last half. Thus, 

in the 4th power they are 1, 4, 6, 4, ;1, 

in the 6th power they are 1, 6, 15, 20> 15, "6, 1. 

3. The co-efficients of any two terms equally distant from 
the extremes, are equal to each other. Thus in the 4th 
pouter, the second term from each extreme is 4 ; in the 6th' 
power, the second term horn each extreme is 6, and the 
third is 15. 

4. The sum of all the co-efficients in each power, is equal 
to the number 2 raised to that power. Thus (2)^=16 j also, 
the sum of the co-efficients in the 4th power, is 16, and (2)^ 
=64 5 so the sum of the co-efficients in the 6th power, is 64. 

180. If we involve any other binomial^ or rcsidtial, to any 
required power whatever^ we shall find the foregoing 
principles are true in all cases, and will apply to 



Quest.— What is the co-efficient of the first and last term 1 What of 
the second and next to the last ? What is peculiar to the first half of them ? 
To the last half? How do those equally distant from the extremes com- 
pare ? To what is the sum of all the co-efficients in any power equal ? 
What is said as to the extent of the foregoing principles ? What then do 
they furnish ? 
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ttU examples. Hence we may safely conelade, that they are 
umverfful principles^ and maybe employed in raising all bino- 
mials ip.any reqaired power. They are the basiSj or elements 
of what is called the Binomial Theorem. 

181. The BiNOBiiAL Theorem may be defined,, a general 
method of involving binomial quantities to any proposed power. 
It is comprised in the following ^ ^,^. li 

GENERAL RULE. 

I. Signs.-*-//" both terms of the binomial have the sign -f , all 
tke'signs ih every power will be -^i but if the given quantity 
is a residadly all the odd terms in each power^ reckoning from 
the left^ will have the sign -f-, and the even terms the sign — . 

II. Indices. — The index of the first term or leading quantity^ 
must always be the index of the required power ; and this de- 
creases regularly by 1 through the other terms. The index of 
the following quantity begins with 1 in the second term^ and in- 
creases regularly by 1 through the others. 

III. Co-EFFiciENTs. — The co-efficient of the first term is 1 ; 
that of the second is equal to the index of the power ; and uni- 
versally, if the co-efficient of any. term be multiplied by the index 
of the leading quantity in that term,, and divided by the index 
of the following quantity increased by 1, it will give the co-effi- 
cient of the succeeding term, 

IV. 7'he number of terms will always be one greater than the 
power required. 

In algebraic characters, the theorem is this, 

(a_(_6)«=a«_[_aXa»-i6+»X^Illa«-2^2^ &c. 



QT7EST,--What is the Binomial Theorem ? What ii the rule for the 
signs 1 For the indices ? For the co-efficients 7 The nnibber of terms 7 
9* 
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N. B; It is here Jiuppotedi that the terms of the biaomki 
have no other co-efficientaor exponents than 1. Other hmo^ 
mials may be reduced to this form by substitution. (Art. 159.) 

1. What is the 6th power ofop-fy 1 
The terms without the co-ef&cients, are 

j?«, a?»y, « Vj «?*y'» *'yS ^y^j y'- 

And the coefficients, are 

- ^ 6x5 15x4 20x3 ^ - 

that is 1, 6, 15, 20, 15, 6j 1, 

Prefixing these to the several terms^ we have the power 

required ; 
a?«+6a:«y+15a:*y2^20x3y»+15a?2y*+6a;y*+y«. Aps. 

2. What is the 5th power of (d-\-h) 1 

3. What is the nth power of (A-f-y) 1 

Ans. 6*+wfft»-iy+J96»-2y2^e6''-'y'4--Di«-*y^, &c. . 

That is, supplying the co-efficients which are here repre- 
sented by Af By C, &c« 

- >+iixft»-iy+«x?Ilixft«-V> ^^' 

it 

4. What is the 5th power of x^J^xjl^ \ 

Substituting a for a:^, and h for 3y2, (Art. 159,) we have 
(a+Z>)5=^a5+5a**4.10a3i2^10a2A3+5aM-[^^ 

And restoring the values of a and 6, 
. (a?3 -f- ay a y «» «w +15j?«y2 + 90icy + 270a?«y« + 405a?2y8 + 
243yio. 

5. What is the 6th power of (3a?4.2y) % 

6. What is the 2d power of (a— 6) 1 

7. What is the 3d power of (a— ^) 1 



Quest. — Can this nile be applied to binomials whose co-efficients ex- 
ceed 17 How? 
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8. What is the 4th jpower of (a--i) ^ 

9. What is the 6th poller of (at— y) 1 
.^^10, Whatistbof»Apo,wprof(fli'-*)1 

182. When one of the terms of a binomial is a> unif, it jl« 
gftperi^Uy omiued in th^. powor, exaefrt in tbe^rst.or lust 
terpo; faecc^Mse ey^y po^tfr of 1 is- 1^ (Art. 168,) aad this 
whe^. it is. a factor, hs^ no effect upon tbe qiinptily with 
which it is connected. ^AriU 70») 

U. Tha$ thJB oube of '(4?f|-l) is so^+U^ x 1+3^X1^+1% 
Which is the same as x^+3x^-{.3x+ 1. 

12. What is the 4ih power of (a— 1) 1 

The insertion of the powers of 1 is of no use, unless it be 
to preserve the txponentis of both the leading itnd the follow- 
ing quantity in each term, for the purpose of finding the 
co-efficients. But this will be unneciessary, if we bear in 
mind, that tbe 9%fl» of .the two exponents, in each term, is 
equal to the index of the power. (Art. 179, 3.) So that, if 
we have the exponent of the leading quantity, we may know 
that of the follovnng quantity, and v. v. 

13. What is the 6th powr of (l~y) 1 

14. What is the nth power of (1+a?) 'I 

183. The binomial theorem may also be applied to quanti- 
ties consisting of more than two terms. By substitution, 
several terms may be reduced to two, and when the com- 
pound expressions are restored, such of them as have expo- 
nents may be separately expanded. (Art. 159.) 

15. What is the cube of a-^b-\-c % 
Substituting A for (6+ c), we have a+(5-|-c)saia+A. 
And by the theorem, (a+A)»«a»+3a2A-f3aA»+A». 



Quest. — ^When one of the temu of a binomial is a uniif how proceed f 
Can a binomial theorem be applied to quantities which have more than 
two terms ? How ? 
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That is, restoring the vmhe c^f k, 

The last two terms contnin powers of (ft^-c) j bat these 
may be separately involved. y^»^ ;) 

183.a. Binomials, id wbich^'one of the terms is a friiction, 
may be involved by actual mnltipKcatioti ; or by reducing'' 
the given quantity to an improper fraction^ and then involv- 
ing the fraction according 16 Ait, 171. 
. l^. Find the' sqaare of x+^i and x-^^i bb in Art. 173. 




Or, reduce the mixed quantities to Improper fractions. 
Thus, x+^^Jfil ; and rp^«^!=:l. (Art: 120.) 



4par«w4a;+r 



(?d:l) '_i^!±*f±i; and Y^-M 

. 17. Find the square of a^--. 

18. Find the square of x — -. 

19. Find the square of +3xy» 

20. Find the square of — = -{-ZcAc. 



Quest. — ^How involve a binomial when one term is a fraction 7 



An». 183.*-185.a.] 
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EXAMPLES fO^ PJIACTICS. 



1. Ilx{»itid 

3. Expand 

5, Expand 

7; Bxpanrd 

9. Expand 

11. Expand 

pi?. Ex|>and 

' 15. Expand 

IT. Expand 



(a— te+cj^ 



5^. -Expand 

4. Expand 

6. Expand 

8. Expand 

10. Expand 

12. Expand 

1^., Expand 

16. Expand 

19. Expand 



(a+hy. 

{m+ny. 
{x+yyK 
{a^by. 

(2+a:).\ 

(4fl^— 5c)«. 
(5fl+3rf)3. 



ADDITION OP POWERS. 

184. It is obvious that powers may be added, like other 
quantities, by writing them one after another^ with their signs, 
(An. 47.) 

1. Thus the sum of a* and &*, is a'+6'* 

2. And the sum of a^— ft« and h^-^d^ is a^— A*+A»— J*, 

185. The same powers of the same letters are like quantities^ 
(Art 28$) hen^e their co-ef&cients may be added or sub- 
tracted, as in Arts. 50 and 51. 

3. Thus the sum of ia^ and Sa^, is 5a^. 

4 5. 6. 7. 8 

To — 3a?y 3^* 3«*y* — Sa^A^ 3(a+y)« 

Add — 2ry eft* --7dV«' ^ 6aW 5(a+y)« 

185.a. But powers of different letters^ and different powers 

of the «ame letter, are unlike quantities^ (Art. 28 ^ hence they 



QuEST.-^What in the general method of adding powers ? How are the 
aamt pototn of the tame lettert added ? How are powers of different lit- 
iers, and diffkrent powers of the «am€ letter, added ? 
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can be added only by writing them down with their signs. 
(Art. 55.) 

9. The sum of a^ and a^, is a^-^-a^ 

It is evident that the square of a, and the cube oC- a; are 
neither twice the square of a, nor twicjB the cube of a* 

10. The pum of a^i^^'and 8a«*«, is a^*+3a^lfi. 

186. From; the preceding principle9we deduce the fol- 
lowing 



OENBRAL BTTLS FOR ADDING POWERS. 

If the, poweri an like quantiiteSy add their co^effictimsj 
at^d to the sum annex the common letter or letters mth thtir 
given indices, * 

II. If the powers are unlike quantitiesj they must be added 
by writing ihem^ one after another j without altering their 
signs. 

11. Add bx(a—by+x(a—by to 2x(a—by+10x(a^by^. 

12. Add 3(x+y)*-f5a2— 4.(a?-fy)Mo 10a^+e(x+yy. 

13. Add ^352^3,6^4+^2^3 and —x^y^+a^b^ 
U. Add 5a^bc\3aHc^, a^ftc^ and 2a^bc\ 

' 15. Add 3a^+bc^+5a^+^bc^ and a^+bbc^ to 6a^+2bc^. 
16. Add ^{xy — cm)^, 3(xy — cm)\ — J (xy — cmy and 
f(a?y — cmy, 

SUBTRACTION OF POWERS. 

187. "RvLE, — Subtraction of powers is performed in the same 
manner as addition^ except that the signs of the subtrahend Wiust 
be changed as in simple subtraction. (Art. 60.) ' 



Quest. — General rule for adding^ powers? How are powers sub- 
traeted ? 



1. From 2a* take -^6«*. Aiis«;8a^. , • 

% From — 3i* 3, 3lfib» 4. a^b^ . 5. 5(fl— A)e 

Take ' 4> 4A«*« a?b^ 2((fr— A)6 

•V' ' 6. Firom Sh(a+by ttik^ ii(i«4^)*. ^ ' 

7. From lla^a^+bxi^ take 12a^3^'-4,x^. 

8, From 3a3(6*— 8)3 take a3(ft3_«)3. 

- 9. Froih (W.^.^^ take a^lfiy-^: 

10. From 5(«*+y*)*— 3(a*-^')* take — 3(fl«-^)8_|^aa 

11. Fxom 2a?(<»— 6)3+3(ar^)? take.aj(«-^)34.3(«-^>,. . 

12. From^x+yy»-j4(a4^)3 tak^i(ic.+y)^^^^ . . 

MULTIPLICATIOK OF POWEUS. 

188. Powers may be multiplied, like othdr Quantities, by 
witting tbe factors on^ after another, either with, or without, 
the sign of multiplication bet^ween them. . (Art. 72.) 

1. The product of o' into ^ isa^i .a&4 a?"^. into. cB^ is 

^,2. Mult. A2J-« , Z^Zdh^ . 4^ <»%-« . 5..aVy« 
Into o* —2a? ]%4 _ a?62y 

188.a. If the quantities to be multiplied are powers of, the 
same rooi^ instead. of writing the factors one after another, 
as in the last article, we may 0^ thein exponeatSy and die 
sum placed at the right hand of ihe root will; be the froduci 
required. 

The reason of this operation may be illustrated thus : 
a« X a^ is a^c^, (Art. 188 ) But a^^aa, and a^=:aaa.: 
And aaXaaa:=aaaAa's=a^y (Art. 80.) The sum of the ex- 
ponents 2+3, is also 5. So chx d^=d^+^. 

N. B. The same principles hold true in all other powers 
of the same root. 
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189. Hence we dediiee the Ibllowing 

OJtNSEAL RULE FOR MULTIPLTINO POWERS. 

L Powers of the same rqoi may be multiplied bjf adding jAeir 
exponents. (Art.. 188.a.) 

II. If the powers have to*efficientSy these must be mtdtiplied 
together^ and their product prefixed to the common letter or let- 
ters* 

III. Powers of different roots are multiplied by writing them 
one after another^ either with^ or without^ the sign of mtitti^icor 
tion between them. (Art« 186.) 

Thus a«xtf»=a«+«=o8. And x^xx^xx7szx^^^=zafi. 
6.' 7. 8. 9. 10. 

Mult, 4^ 3«« *2j3 ^8^ ^ (l,-^l^y)n 

Into 2a^ ar3 *^ em^ " ■■'. {b^-k^^y 

11. Malt. «»+a:8y+«y*+y^ into oH-y* 

12. Muk. 4ap*^-f3«y— l^to2*fc-i-a?; ' 

13. Mult, x^+x—b into 2a:«+a?4-l. 

190. The rule is equally applicable to powers whose ex- 
ponents are negative^ i. e. to reciprocal powers. 

14. Thus(r2xflr3=a-5. That is, i-.x J-,=- * 



aa aaa aaatta 

15. Mult. y» into y* into y*. 

16. Muk. or* into a^ ihto <rt ' 

17. Mult, ar^ into a« into — ar^. 

18. Mult, a* into a"» into — a^. 

19. Mult, y^ into y® into — y^tf^. 



Quest* — How are powers of the same root multiplied 7 Of different 
roots 7 When the powers have co-efficients^ what must be done with 
them 7 Is this rule applicable to reciprocal powers 7 
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20* If «4-5 be mttlliplied into o^ tii« pvodpcl will be 
a3— 62, (Art. 86 j) thut i», 

191. The product of the turn and difference of two juantitiee^ 
is^jual io the difference of their squares. 

This is an instance of the facility with which genergl tntihe 
are demonstrated in algebra. 

If the sttoi and difference of the squares be multiplied, the 
product will be equal to the differenee of the fourth powers, 
&c. 

2L Mah. (a^^) into (a^). v - 

22. Mult. («2-ry^) into (a'+y'). l ' ^ > "" 

23. Mult, (a*— y*) into (a*-}-y*)., -r . / ^ 

24. Mult. a3^4^i i^^Q a^— 1. 

25. Mult. 3a(a;»— y»)» into 2«(x»— y»)*. 

26. Malt. i<»'-P-)* W^o K«*+ft*)^ 

27. Mult. <»>—&? into a»4*^ . " — .: ' 

28. Mult. «'-fa?*y-f«y'+y' into ar+y. 

29. Mult, a*— 24»»+4a^i'-^ft^--16i* into a+3i 

30. Malt. a'+* intp a^S. 

DIVISION OF POWERS. 

192. P6wer« may be divided, like other quantities, by 
rejecting from the dividend a factor equal to the divisor ; or 
by placing the divisor under the dividend, in the form of a 
fraction. Thus the quotient of a^b^ divided by b^, is a'. 

1. 2. 3 4. 

Div. 9a»y* 12b^x* aH^3a^y^ dxia-^-h+yy 
By — 3a» 26» a' («— A+y)^ 



Quest.— What is the product of the sum and difference of two quanti- 
ties equal to 7 

10 
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5. The qaolient cf ^^ divided by a'« it -^ . But this is 

equal to a^. For, in the series 
- tf»■^ «+», (H-2, fff 1, a®, a-^Va, a-«, o-*, &c., 
if any term be divided by another, the index of the quotient 
win be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus a* -rraaB — MRfl'* And rf"^a»a=B —- «=3<ir^*. 

CUM a* 

193. Hence we deduce the following 

OEMEBAL ETTLE JOE DIVXPlIfO POWBKS. 

L J! power may he divided by another power of ike same 
root by subtracting the index of the divisotrfrom that ofthedivi' 
dend, 

II. If the divisor and dividend have co-efficients^ the co-effir 
dent of the dividend must be divided by that of the divisor. 
(Art. 96.) 

III. If the divisor and dividend are both compouhd quantities^ 
the terms must be arranged^ and the operation conducted in the 
same manner^ as in simple division of compound quantities* 
(Art. 107.) 

6. Thus y»^ya^y8-2=yi. That is, M ^y^ 

yy 

7. Divide a"+^ by «. 8. Divide «" by ar*. 

9. 10. IL 12. 13. . 

Divide y2"» b^ 8a«+« a^P 12(*-fy)« 

By y« b^ 4a«» a^ 3(ft-(-y)^ 

194. The rule is equally applicable to reciprocal powers. 

Qnx8T.^How is a power divided by another power of the same root ? 
If the divisor and dividend have co-efficients, how proceed ? When they 
are both eompoiind qoaatities, how ? Is this rule applicable to reciprocal 
powers I 
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FOWERS. 






Thus the quotient of *-* by «-« , is 


<r«* 




That is ^ : ^ = 
aaaaa aaa 


1 ^«o«_ 
aaaaa I 


aaa 


1 

— — • 
aa 
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15. Divide — sT^ by a?"' . 

16. Divide A2 by A^. 

17. Divide 6a* by 2a"' 

18. Divide 5a> by a. 

19. Divide 5« by &*. 
20; Divide a* by a'. 

21. Divide (a^+y^)- by (a»+y*)». ^ 

22. Divide (b+x)* by (6-f^). -/ ,c. -_ 

Examples of confound divisors with indices. (Art. 105.) 



23. 


Divide 


Si. 


Divide 


25. 


Divide 


. 26. 


Divide 


. 27. 


Divide 


'y-48. 


Divide 


^29. 


Divide 


. 30. 


Divide 


, 31. 


Divide 


32. 


Divide 


33. 


Divide 


/34. 


Divide 


/35. 


Divide 


36. 


Divide 



t a'+x' by a-\-x. 

i a*-f 4a;* by a^'-'2ax+2z^. 

X® — 1 bj X — 1. 

a^+2aH+2a^b^+ab^ by a^+aH+ab^. 

A8_i6c8 by A2— 2c2. 

a® — a*rc — a2a?'+2a?* by a* — ic'. 

a*+4a36-f 6a262_|_4a^3^^4 l,y a^^2ab+b^. 

! Sa:' — y' -by.2ar — y» 

x^—Sax^ + Sa^z—a^ by ar — a. 

2y3— 19ya-|-26y— 16 by y— 8, 
I x^ — 1 by x+ 1. 

4a;*— 9*a+6a;— 3 by 2x^+3x—l. 
, a*+4fl2A+36* by a+26. 

a;* — a2^3_|_2a'a; — a* by a;^ — ax-^-a^. 



194.a. A regular series of quoti^ts is obtained, by divid- 
ing the difference of the powers of two quantities, by the dif- 
ference of the quantities or roots. Thus, 
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37. DiTidc (y'— «^) by (y*-*a). Aiii» y+a. 

38. Divide iy^—a^) by (y--a). 

39. Divide (y*— a*) by (y— «). 

40. Divide (y*— hi*) by (y— a). \ 



OEEATBST COKMOIT MBA8VBK. 

195. (1.) A common measure of two or more quantitie§^ is 
a quantity which will divide or measure them without a re- 
mainder. (Art. 30.) Thua 2d is a common measure of I2d^ 
6d, &/, &c. 

(2.) The greatest common measure of two or more quanti- 
ties, is the greatest quantity which will divide these quanti- 
ties without a remainder. Thus M is the greatest common 
measure of 12d and ISd ; and 8 is the greatest common 
measure of 16, 24 and 32. 

195.a. To find the greatest common measure of two or 
more quantities. 

Divide one of the qwmiiiies by fht other^ and the preceding 
divisor by the last remainder, tUl nothing remains ; the last di' 
visor will be the greatest common measure. 

196. The gretttest common measure of two quantities is not 
altered by multiplying or dividing either qf them by any quan* 
tity which is not a divisor of the other^ and which contains no 
factor which is a divisor of the other. 

The common measure of ab and oc, is a. If either be 
multiplied by dy the common measure of abdj and ac^ or of 
ab and acd, is still a. On the other hand, if ab and acd are 



QuxsT.-^What is a eommoa messnre ? What the greatest oommoa 
neasfure ? How foiud ? How is it affected by multiplying or dividing 
either of the qnantities by any quantity which is not a divisor of the 
other? 
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the given quantities, tlte^ comfnon meftfiure is n ; atnl if acd be 
divided by </, the common measure <>f ai& and *<?, is a. 

Hence, in finding the common measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity Whi6h does not contain a divisot'of the divi- 
dend; Or the dividend may be multiplied by a factor, which 
does not contain a measure of the divisor. 

i. Find the greaLte9t(i^mnMm ineasnrb.of ' 
6a2+Ilfla?+3a?2 and 6a'^-f7aa?— .Sj:^. 

Dividing by 2x)4flur-j"^*^ • ♦. 

2a+33;)6a2-f7a4^— 3a?2(3a— -x 



. — 2ai?-7-3aa 

. .-.■ ' ^- ' ^" ^ 
After the first division, the remainder is divided by 2a», 

which reducers it io 2a4-37. The division of the preceding 

divisor by this, leaves no remainder. Therefore 2a-|-3a? is 

the common measure Required. 

2. What is the. greatest common measure of o^ — 11^ and 

3. What of Qx+n^ and o^c+fl^a? 1 

4. What of 3^:3— 24*— 9 and 2ar3— 16«— 6 | 

5. What of a*— 5* and a«— iVI 

6. What of a?8— 1 and ^y+yl 

7. What of a?3»^3 and «♦— a*1 

8. What of a^^—ai— 262 and 'a2^3a6-f 26*1 

10* 



^ ^. WTiat of fl*-^ ftnd a?— «-;i:--«»*+«»T 
»-- 10. What of aV-«6« ftod fl^+3a6+4« J 

FRACTIONS COMTAININO.POWEE8. 

197. la thQ sectioii oa fractions, the following exaniplos 
wero omitted for the sake of avpidipf^ the anticipation of 
powers. 

1. Redace —- to lower terHMi* Ana. — • 

3a« 3 

For 5a4^ Saaaa^Sgy ^^^ ^^^j 
3a« 3aa 3 ^ ^ 

2. Reduce — . 

3«* 

3. Reduce ?±t*?!. 

Da' 

5. Reduce ^ and ^ to a common denominator. 

a? «-^ 

a^ X a-^ to a~^ the first numerator. (Art. 1 18.) 
o» X «~^ is. «® =5 1, the iiecond numerator. 
a^xa-^ is a~', the common denominator. 

the fractions teduced are therefore ?-- and _-. 

6. Reduce — and — to a common denominator. 

7. Multiply ^ into ^. 

8. Multiply?^ into ?=1 

^4 3 
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9. Multiply f!±i into *!=i 

10. If ahiply -f^ into ^ and ^ 

- «-» s y-» 

11. Diride ?J by £!. 

12. Divide g!=^ by '^'~^'! 

13. Diride ?^=3C2 by "^Itp. 

14. Diride *!pl by i:^i.^.^ 



SECTION IX. 

BOOTS. 

Aet. 198. If we resolTe b^^ or M6, into equal factors, riz. 
6, & and 6, each of these equal factors is said to be a root of 
b^. So if we resolve 27 into any number of equal factors, 
as 3 X 3 X 3, each of these equal factors is said to be a root 
of 27. And when any quantity is resolved into any number 
of equal factors, each of those factors is said to be a root of 
that quantity. 

199. ^ root of a quarUity^ then^ is afaciar^ toAscA, multipHtd 
into itself a certain number of times^ mil produce that 
quantity. 

The number of times the root must be taken as a factor to 
produce the given quantity, is denoted by the name of the root. 

* ' — ■ ■ ' I ■ ■ I - I • • ■ ■ r i 1 T 

QussT.— Wluit is a root ? 
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Thus 2 is the 4th root of 16; beoafase 2x2x2x2x:16, 

where two is taken four times as a factor to produce 16. 

So tfi is the square root of cfi y for a' x ^«=a^ (Art. J^9.) 

Powers and roots are correlative terms. • If one quantity 

is a power of another, the latter is a foot of the. former. As 

^ is the cube of by so b is the cube root, of 6^, 

200. There are two methods in use, fof eicpressing.the 
roots of quantities ; one by means of the radical sign ^^ and 
the other by a fractional index. The latter is. generally to 
be preferred; but the former has its iises on particular occa- 
sions. ' • . ; ' i 

When a root is expressed by the radical sign, the sign is 
placed before the given quantity, in this manner, -y/a. 
Thus ^ a is the 2d, or square root of a. 
^ a is the 3d, or cube root. 

201. The ^ttrc placed over the radical sign, denotes the 
number of factors, into which' the givenl quantity is resolved ; 
i. e. the number oi times the root must be taken as ^factor to 
produce the given quantity, 

, Thus •J' a' s(how« that a* is to be resolved- intd two tactors, 
and {/ a^ inta three factors ; arid i^ a, into n factors. 

The figiire for the square root is .commonly omitted, and 
the radical sign is simply written before the quantity, thus 

202. .When a figure or letter is prefixed to the radical sigil,- 
without any character between them, the two quantities are 
ia be considered as multiplied together. 



QiTSST. — ^How many ways to ei^reas the roots of quantities? The 
first ? Second ? Which is preferred.? What does the figure placed over 
{he radical sign denote? Is the figure used in denoting the square 
root ? When a figure or letter is prefixed to the radieaj sign, what does it 
show ? 
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Thus 2-1/0, is 2x i/a, that is, 2 multiplied into the root of 
a, or which is the ssme thing, iwicB the root of a. 

And oc^bj is xx i/3, or x times the root of b. 

When no co-efficient is prefixed to the r^dicUl sign, 1 is 
always understood | V'a being the same as IVOi that iuy^met 
the root of a. 

203. The cube root of a« is a^. For ^'xa^xn^f^o^. 
(Art. 199.) 

Here the inde^ is divided into three equal parts, and the 
quantity itself tfisolved into three equal factors. 

The square root of a^ is a} or a. For a X assa^. 

By extending the same plan of notation, fractional indices 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 

divided into two equal parts, ^ and ^ ; and the root is o^. 
On the same pnnciple, the cube root of a, is a's»^ a. 
The nth root, is a»=y a, &c. 

204. Every root» as well aa every power of 1, is !• (Art. 
165.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro- 
duce 1, by being multiplied into itself. 

So that 1», 1, -1/1, 5/ 1, &c., are all equal. 

205. Mgaiivt indices are used in the notation of roots, as 
well as of powers. (See Art. 163, 4.) 

Thus -T=« ^9 ~I~* ' "I™* *• 
at a* a» 



Quest. — ^When none is prefixed, what is undentood 7 
oot of 1 ? Do roots ever have negatiye indices ? 



What is every 
root ( 
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POWERS O.F B00T3. 

206. In the preceding examples of roots, the numerator 
of the fractional index has been a unit. There is another 
class of quantities, the numerators of whose indices megreater 

than 1, as ^*, c^, &c. These quantities may be considered 
either as^ot^er^ of roots^ or roots of powers, 

N. B. In all instances, when the root of a quantity^ is de- 
noted by a fractiond index, the def^ominatdr, like the figare 
over the ladrcal sign, (Art. 201,) expresses flie rooty and the 

numerator the power. Thus a^ denotes the cube root of the 
first power of a, i. e. that a is to be resolved into three eqtutl 

factors ; for a^ x fl* X a^5=o. On the other hand, c'^ denotes 
the third power of the/ot*r^A root of c, or the fourth root of 
the third power. One expression is equivalent to the othen. 

4 3 

1. What is a3 equal to ] 2. What is x^ equal to 1 

3. What is y^ equal to 1 4. What is b'^ equal to 1 
. 5. Write the fifth root of the fourth power of a. 
6. Write the seventh power of the ninth root of d. 

207. The vahie of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator are 
equal. 

Thus a=a^=o^=a«. For the denominator shows that 

a is resolved into a certain number of factors ; and the nu** 

fi 

merator shows that all these factors are included in a". 

'» Quest.— What is meant by powers of roots ? What does the de- 
nominator of a fractional index express? What the numerator? 

Explain xT* also ^3, cTTT, yioo. When the numerator and denomi- 
nator are equal, how does the index affect the quantity ? How simplify 
such an expression ? 
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On the other hand, when the numerator of a fractional in- 
dex heeomes equal to the denominator, the expression may- 
be rendered more simple by rejecting the index. 

Instead of dn^ we may write a, 

207.0. The i^dex of a power or root may be exchanged 
for any other index of the sf^e value* 

Instead of o^, we may put a^. 

For in' the latter* of these expressions, a is supposed to be 
resolved into twice as many factors as in the former ; and 
the numerator shows that ttvice as many of these factors are 
to be multiplied together. Hence the value is not altered. 

208. From the preceding article, it will be easily seen, that 
a fractional index may be expressed in d^eitnah. 

1 5 

7. Thus a^=a^^^ or a?** j that is, the square root is equal 
to the fifth power of the tenth root. 

8. Express a^ in decimals. 9. Express a^ in decimals. 

7 '9 

10. Express d^ in decimals. 11.. Express a^ in decimals. 

12. Express a ^ in decimals. 

In many cases, however, the decimal can be only an ap- 
proa?ma^ion to the true index. ' 

13. Thus d^=a^*^ nearly, or a®«3 3 33 3 more nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

14. Express a^ in decimals. 15. Express a ^ in dec. 

N. 6. These decimal indices form a very important class 
of numbers, called logarithms. 

QttEST. — ^What is the effect when one index is exchanged for another 
index of the same value ? Can a fractional index be expressed in deci- 
mals ? Can it be expressed exactly by decimals in all cases ? What class 
of numbers are thus found ? 
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BVOLVTtON. 

209. The process of resolving quantities into equal factors, 
is called Evolution. 

In subtraction^ a quantity is resolved into two parts. 

In division^ a quantity is resolTed into two factors. 

In evolution, a quantity is resolved into equal factors. 

Evolution is the opposite of involution: One is finding a 
power of a quantity^ by multiplying it into itself. The other 
is finding a root, by resolving a quantity bto equal (actors. 
A quantity is resolved into any number of equal factors, by 
dividing its index into as many equal parts. 

2 10. From the foregoing principles we deduce the following 

OBHBRAL BULB FOR EVOLUTION. 

I. Divide the index of the quantity by the number expressing 
the root to he found. Or, 

Place the radical sign belonging to the required root over the 
given quantity. 

II. If the quantities have co-efficients, the root of these musi 
be extracted and placed before the radical sign or quantity. 
Thus, 

To find the square root of d^, divide the index 4 by 2, i. e. 

d^^d^. So the cube root of d«, is <fi:^d^. 

Obter. — From the manner of performing evolution it is evident, that the 
plan of denoting roots hy fractional indices, is derived from the mode of 
expressing powers by int^rol indicesv (Art. 203.)- 

\ Quest. — ^What is evolution ? Into what are quantities resolved in 
subtraction 7 Into what, in division 7 Into what, in evolution 7 How 
is a quantity resolved into any number of equal factors 7 i Rule for evo- 
lution 7 What is the plan of denoting roots by fractional mdiees derived 
from 7 
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1. Reqipifed tlie cube root of a*. Ans. u\ 

2. Required the cube root of a or a'. Ans. a^, or ^ a, 

Fora^Xa^Xa^, or ^flx^ •x{^«ta*a. (Art. 109.) 

3. Bequired the fifth root of 06; ' 

4. Required the nth root of a'. 

5. Required the seventh root of M—x. 
6* Beqaired the fifth root of (a— >r)'. 

7. Required the cube, root of a*. 
8..Required the fourth root of tf-*. 

9. Required the cube root of of, 

10. Required the nth root of i^. 

11. Required the third root of a^. 

12. Required the fourth root of z^. 

13. Required the second root of a;". 

14. Required the fifth root of d^. 

15. Required the 8th root of a'. 

210.a. The rule in the preeediiig article may be applied to 
every case in evolution. But when the quantiiy whose root 
is to be found, is composed of several factpr^^ there willlre^ 
quently be an advantage in taking the root of each of the 
factors separately. 

This is done upon the principle that the roos of the pro^ 
duct of several factors^ is equal to the product- of t&eir foots* 

Thus -v/oftn: -v/ax -v/^. For each member of the equation 
if involved, will give the sapie power. . 

When, therefore, a quantity consists of several factors, we> 
may either extract the root of the whole together ; or we may 



Quest. — ^What is the root of the prodaet of several factois efaal to? 
11 
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find the root oC the fiMtortS^epatatedfi «nd Aen«i«dtip%' them 
into each 9ther. 

16.' The cube root of xy, is either (ary)^, or x^y^. ' 
ITvReqnJ^fd tiw.fiftlir^\ er%M • 

18. Required thc^ sixth ifoot of oM. 

19. Required the cube root of ^^. ; : ^ 

20. Required the nth ^root of ^jf* 

211. The root of a fraction 4s equal the root of the numt" 
t rator divided by the root of the denominator. 

21. Thus the square.ro^li o£2a=l;. Fotl^x^^t' ' 

. ^ 6* bi b^ ^ 



a 



.)', 



22. Required the nth root of r 

23. Required the square root of ^, . 

. . "r , . ■■ ... 

212. Signs. — (1.) ^h odfl root of any quantity has the same 
sign as the quantity itself ' 

(2.) *dn even root of an affirmative quantity is ambiguous, 
x-.(30 *dn e0en. root of a negative quantity is impossible. 

213- But an even root of an affirmative quantity may be 
either positive or negative. Fojr, the quantity may be pro* 
duced fr^n the one, «i8 well as from the other. (Art. 169.) 

Thus the square root of a^ is -f-fl> ox — o. 
' An even. root of an affirmative quantity is, therefore, said 
to heamhiguous^^ and is marked with the sign =i=. Thus the 

square root of 35, is rfc ^3*. The 4th root of or, is ±0?*^. 

The ambiguity does not exist, however, when from the 
nature of the case, or a previous multiplication, it is known 

Quest. — What is the root of a fraction equal to?yKule for signs? 
WhfU is th« .even idot of a positive qujantity ? Of a negative ? 



whether the power has actu«% he6n produced fv6m a pim- 
r^vf or from, a ^^g^Ve quantity. 

214. .But no even root of a negaiive quantity ean be found. 
The isquare root of — a^ is neither -j-a nor — a. 

For 4:o>e-I-'(i=4-A2. And — ax— a=4-a2 also." 
An even root of a negative quantity is, therefore, said'to be 
impossible or imaginary • ^rTh^^. .' '.'•♦.' 

215. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But there 
is one class of them, the squares of binomial and residual 
quantities, which it will be proper to attend to in tfaii^ pla^e. 
The square of a-|-6, for instance, is a2-|_2aft-|-d2, twa terms of 
whichf (i^ and &^, are complete powers, and 2a6 is twice the 
product of a into ^,'tTiat is, the root of af into the root of 6^. 
'Whenever, therefore, we meet with a quantity of this de- 
scription, we may' know that its square root is ai binomial ; 
and this may be found, by taking the rdot of the two tef his 
Y^i^i^ ^aiTQ complete powers, and; jo^^nipectuig them by the 
sign -}-. The other terilf disappears in the root. ThxiSj ta 
find the square root oi x,^ -^-^xy-^-y^ ^ take the root of x^, and 
the root of y^, and connect them by the sign -(- $ The bino- 
mial root will then be x-fy. 

In a residual quantity, the double product has the sign — 
prefixed, instead of -f-. The square of or^hyiot inttance, is 
a2 — ^ab-\-b^, (Art. 173.) And to obtain the root of a quan- 
tity of this description, we have only to take the roots of the 
two complete powers, and connect them by the sign — . 
Thus the square root of jf^ — 2ay+y2^ ig>P — y^ Hence, 

216. To extract the square root of a binomial or residual. 

Take the roots of the two terms which are complete powers^ 
and connect them by the sign which is prefixed io the other term. 

Quest. — ^How extract the square root of a binomial or residual f - * 
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- 1* To find the root of x^+2ac^h 

Tlie two terms which are complete powers, are x^ and 1. 
•the roots are x and 1. (Art. 204.) Then x+U Ane. 
2. Fmd the square root of a?a— 2af-f-l. (Art. 173.) 
. 3,. Find the square root of a^^J^ 
4. Find the square root of 0^+1^44* 



5, Find the square root of a^^\-ab, , 

4 

6. Find the square root of a^-f-EiT-f^ 

217. ^ root whost value cannot be exactly expressed in nifsi- 
berSj is called a sttrd, or irrational quantity. 

. Thus y^2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals^ it is 1.414213&6 nearly. 

218. Every quantity which is not a surd^ is said te be ta^ 
UonaL 

219. By Radical Qxtantities is meant, all quantities which 
are found under the radical sign^ or which have a fractional 
index. 

REDUCTION OF &ADICAL QUAMTITIBS. 

220. Cass I. To reduce a rational quantity to the form of 
a radical without altering its value. 

Raise the quantity to a power of the same name as the given 
root^ and then apply the corresponding radical sign or index. 



QuEST.-^What is a surd? What a rational quantity? What are 
radical qnamtttieB 7 How reduce a rational qnantity to the form of a 
radical} 
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• J. BeducB a to UiefoKai of tbe nth ituti* 

The nth power of a is aK (Ait, 166.) 
. Oveo^is,.fkeeldi^ rmiieal 8rgii,"and it b«ooi|ier^«^. 
It is thas reduced to the fbrm of it radical quatitky, With^ 

tr 

out anyalteltaiito'0^it« \i?ahie. For 5/ a«s=fefl?i=a. (Art" 207.) 

2. Kediice 4 to the ford of the cuheroot 

3. Keduce 3a to the form of the 4th root. 

4. Reduce ^ab to.the.fo^m of .the JMinaare root,, 

5. Reduce 3 x (a — x) to the form of the cuhe root 

6. Reduce o^ to the form* of the cube root. 

N. B. In cases of this kind, where a jpowsr is to be reduced 
to the form of the nth root, it mutt be niised to the nth 
^ower, not of the given letter y but of the power of the letter. 

Thus ih the .6th examplcj,a^ is the cube^ not of a^ but of a^. 

7. Red«ce aH^ to the fbrtfi of the square root. 
' i. Reduce a^ to the form of the nth root. 

- 221. CasbJL To ifeducie quantities which have different 
indices^ to others of the same value having a common index, 

(1.) Reduce ike indices to a common denominator. 

(2.) Involve each quantity to the power expressed by thenu^ 
merator of the reduced index. 
^ (3.) Take the root denoted' by the common denominator. 

'9. Reduce a< and 6« to a common index. 
1st. The indices \ and \ reduced to a common 4euomina- 
tor, are y\ and ^: {ktX. 11$.) / ' 

2d. The quantities a and b involved to thQ. powers express- 
ed by the two numerators, are a' and b^. 



QuEST.—How reduce quantities which have different indices to a cowi- 
tnonindez? .'. . •• • '.. 

11* 
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3d. The root desivied by the oonmon dettDminator h the 
^th. The answer, 4h©n, ii^ <a» )^* and (*»)^. 

Th« tvfo qiuuilit»8 aare thua reduced Ik> a epmaoon index, 
without any. altai^ation in their values. . 

, For by Art. 207.a, ^^^^\ wWeh byArt, 20e,-*(«») A^. 

iff. 1. 

And universally^ fl?*as=a"*a^(4«*»)"». 

10. Redueb errand b$r to It common indei. 

Ana.a^ tod (&i)*> or («»)♦ and (**»*)*. 
1 1 1 

11. Bedticea' and("* ^1% Beduoe a;"andy'". 

13. Keduce 2^ and 3^. 14. Reduce (a-fi)^ and {a;—y)». 

. 15. Reduce a' and d^. 16. Reduce a;' and 5^» 

222. Case III. . To reduce a quantity to a given ind$t. 
Divide the index of the quantity by the given indeXy place the 
quotient over the quantity, and set the given index over the whole. 
This is merely resolving the original index into two fac- 
tors. (Art* 209.) 

17. Reduce o^ to the index ^. 

By Art. 135, i-i« J X ?=i« J. 
This is the index to be placed over a, which then becomes 

a^ I and the given index set over this, makes it (a^)% the 
answer. 

18. Reduce a^ and »* to the common index ^. 
2 ~ ^»=2 X 3=»6, the first index. ) 
^-^^zss^xSrss:^, the second index. ) 

Therefore (a*)» and (jt^y are the quantities reqiiired. 
QussT*— How reduce a quantity to agivca index? 
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20. Redttc« w^ and y^ to the common iqdex ^ 

21. Sedtjrce>a^ and ^ to Ihe coramoti tndeac ^^ 

22. Reduce c^ and d^ to the common index ;|. 

23. Aedttce d^ and ^ to the common index t* 

24. Reduce a^, ^^ nnj ^T |0 ^i^^ ^omtnoti indelt ^^ 

223. Cass IV. To reduce a radical quamitytaita atotf ^'m- 
^/e terms J i. e. to remove a factor from and«r ika xadic^ >ign« 

Resolve the qtiantity into two factors^ <me of which is «n e^act 
power of the same name with the root y find the root of this power j 
and pr^ it to the other factor^ wi^ the rao^i^cd s^n iettHen 
them, 

Thi&rrule \» founded on tbe^ principle, that th^ root of the 
product of two factors is equal to the product of their roots. 
(Art. 210.a.) 

It will generally be befit' toinesolve the radical»qulmtity iato 
such factors, that one of them shall be the greatest power 
which will ^vida the quantity without a remainder. 

N. B. If there is no exact power which will divide the 
quantity, the reduction cannot be made. 

25. Remove a factor l&oin t^/S. 

The greatest square which will divide 8 ifei 4. 

We may then resolve 8 into the factors 4 and 2 For 
4x2=8- V 

The root of thai |^r«dAct ie a(||ial to the produet of the 
roots of its factors ) that is y^8Bsy^4x ^2. 

Butv'4=!2. Instead of v'4, therefore, wp may substitute 
its equal 2. We then have 2 x v^, or 2 v^. 

Qt7£8T.— How riedat« a nulieia (ittaHtlty to its wiBi^fistl \enstL 
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26. Reduce ,Va^a?. Ans, ^d^ x ^x^m^a x ^/x^x^a^/x. 

27. Reduce V58. 28. Reduce v^ 6^63^^ ' 

29. Reduce v/^* ' 30. Reduce ^i^ 

31. Redufcfe ( a3— ggg )^. 32. Reduce (54a6i)^. 

33. Reduce V98a«a?. . . 34>. Reduce V «3^ai^. -j^^. ^ 

224. Case V. To introduce a co-efficient of a radical quan- 
tity under tbe radical feign. ' (Art. 220.) 
' liaise the co-effioiemt to a power of the same name as the tadi' 
col pdHythenpidce it as u factor under the radical sign. 

For a:^Y a^ or a« . (Art. 207.) And ^ a" x ^ ^«^ «»*. 

. 36, .Reduce a{x — 6)^ tqtli^ form of a radical. * c 

. ■■•■•■■' ^ : Ans. (a^a?— a8J)T 

< 37. Reduce 2a5(2aJ2)i ; 38. Reduce ? (~^ • 
39. Reduce 2 v^2.. 40. Re4uce 4^^ c. 

EiAMtLES FOR PRACTICE. 

1. Reduce 5^6 to a simple radical. 

2. Reduce fVsS to a siteple radical 

3. Reduce 5^ and 6^. to the common index |* , , 
' 4. iReduce o? and a^ to th« isommon index J. ' 

5. Reduce y^98ta its simplest form. 

6. Reduce v'243 to its simple&t form. 



QuEST'.'-How introduce a co-efficient under a radical sign 7 . 
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7. Reduce ^ 54? to its simplest fotui. L^ 

8. Reduce 7-v/80 to its simplest form. 

9. Reduce 9{/ 81 to its simplest form. 

10. Reduce ^x^-\-ax^ to its simplest form.^7 / + ^*- 

11. Reduce •v/198a^x to its simplest form. 
13. Reduce v^or^^aV to its simplest form. 

AJODITIOM OF :RAt)reA& QUAlfTItZfiS. 

225. It may be proper to remark, that the rules for addi* 
tion, subtraction, multiplication and division of radical quan- 
iities depend on the same principles ^ and are expressed in 
nearly the same language, as those for addition, subtraction, 
multiplication and division oi powers. So also the rales for 
involution and evolution of radicals, are nnilar to those for 
involution and evolution of powers* Henee, if the kavnet 
has made himself thoroughly acquainted with the pfiociples 
and operations relating to powers, he has substantially ao- 
quired those. pertaining to radical quantities, and wiU find no 
difficulty in understanding and applying them. 

225.a. When radical quantities have the same radical part^ 
and are under thQ, same radical sign or indeoi, they are like 
quantities. (Art. 26.) Hence their rational parts or co-^- 
Gisnf$ may be added in the same knanner as rational quanti- 
ties, (Art. 56,) and the sum prefixed to the radical part. 
Thus, 2^b+^^b:^5^L 

1. Add y ay to 2y ay. 

2. Add— 2v^ato 6^a. 

3. Add 4(a?+A)^ to 3{x+h)^. 



QuE8T.---What is ssid respecting the rules for addition^ suUractioa, 
multiplication and division : also of involution and evolution of radi- 
cals 7 How are radical quantities added, when the radical parts are 
alike? 
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4. Add Ibh^ to 5M* 

5. Add y-y/b — h to a-^b — A. 

226. If the radical parts are originally different, they may- 
some times be made alike, by the rules for reduction of radi- 
cal quantities. 

6. Add ^S to^Y/59. liere the radical ^parts are not the 
same. ,But by reductiopi as in. Art« 223, 'v/8s2'y/2, and 
^^50=5^2- And 2^2+5^2=?^/^. Ans. ^ . - 

7. Add ymto^u. .',;'• 

8. Add ya^a: to y^*a?. . 

. S. Add (36fl2y)ar to (25y)^. . 

10. Add VlS^to3V2a. . / . 

227. But if the radical parts^ after reduction, are differemtj 
or have different, tcspohents^ the quantities are unlike^ (Art.^ 
28^) hence tliey can be. added only by writing them one after 
the other with their signs. (Art. 55.) 

11. The sum of B^band 2^0, is 8^*+2v'a. 

It is manifest that three times the root of 6, and twice the 
root of a, are neither five times the.poot of 6,t nor live times 
the root of a, unless b and a are equal. 
. 12. the sum of ^ a end ^ a, is §^ a+l^:a. •. . 

The square root of a, and the cutk root of a, are neither 
twii^e the square root, nor twice the cube' root of a, 

228. From the preceding principle we deduce the following 

GENERAL R IT L B FOR ADDITION OF RADICALS. 

1. If the radicals are like quantities^ add their co-efficientSf 
arid to the sum annex the common radical parts. 

Quest. — If they are originally different, how can they be mad? alik* ? 
When they are unlike qnantlties, how add them ? General rule ? 
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n. If the radicals are unlike quant^^iUj they mfat. be' added 
by writing them^ one after anofAfr^ wvfkout altering' their 
signs. (Art. 186.) .» ; \^ ,,: \ ;- ' • < 

EXAMPLBS B.bftt'I^E'Al0TI0E. ; • ^ •*'• 

^ 1. Add V27 to V*8. (Art. 226,) 

2. Ad4y72 to,,-v/l?8, . ,5 /^ .J ., n ^ u . . /. * i .: ' i - . 

3. Add \/\S0 to V^fOS. 

. 4. Add ^4^ to .^185- i. « ''. 

. 5. Add S^^S^to 5?/ 1*?8. . ^ : 

ef. Add 9-^/243 to 1QV?63. , • 

7. Add ySlA to v'^fW. > . .' 

8. Add V9g^d to ^U^. / 

9. Add ar^25«^ td ^Se^c. . 
10. Add ^a'b to 4ay??. ' 

! . / ..•>■>.. •• *• ••• •'• 
SUBTRACTION OF RADIQJtL Q V AK TI T I B 8.. 

. 229. RiTLE. — Subtraction of radicaf^ i^ performed in the. 
same manner as addition^ except that the s^^ns ofyth$ subtraf' 
hend must be changed as in subtraction of powers, (Art. 187.) 

1. From -y/ay take S-^ay. Ans. — ^-y/ay, 

^. From 4fY a+x take 3y a-fa?. 

3. From SA*" take — SA"^. 

4». From a(ac-f.y)* take ^(a?+y)*^» 

5. From — o""« take — ^2a''». 

6. From ^bO take ^8. 

7. From ^5*y take {^$y^ 



QvxsT. — ^How are radical quantities subtracted ? 
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■| 



9. From a^Wtake -/ifc 

10. From y' 320 take {/ 40. 

11. From 5^20 take 3^4t5. 

,12. From V^OoV take ^2M:g. 



MULTIPLICATION OF RADICAL QtTAMTITIBa. 

530. Radical quantities may be multiplied, like other quan- 
tities, by writing the factors one after another, either with, or 
without the sign of multiplication between them. (Art. 72.) 

1. Thus the product of ^a into -y/bj is -y/a x ^b, 

2. The product of A3 into y^ is A*y^. ' 

But it is often expedient to bring the factors, under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. (Art. 221.) 

23 1. Hencf^ fudTUiiie^ kHder the same radical sign or index 
may be multiplied together like rational quantities^ the pro- 
duct biing placed under the eommon radical sign or ihdex.^ 
(Art. ai0.a.) 

3. Multiply ^ X into ^ y, that is, x^ into y*. 

The quantities reduced to the same index, (Art. 221,) are 

(«3)^, and (y2)«, and their product is, (a?3y2)^=^ x^y^, Ans. 

4. Multiply y/a-^-m into y/a — m. 

5. Multiply y/dx into y/hy. 

Quest. — ^How may radical quantities be miUtiplied 7 HoW' are factors 
brought under the same radical sign ? How multiplied when under the 
same radical sign 7 

* The case of an imagmary root of a negative quantity may be consider 
ed an exception. (Art. 214.) 
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6. Multiply a' into «* 



1 1 

7. Multiply (a-|-y)» into (*+*)•. 

8. Multiply (^ into ap». 



9^. Multiply / Sop* into / 2xb. Prod. / lQx^b^^4ab 
In this manner the product of radical quantities often 
becomes rational, 

10. Thus the product of / 2 into / IS^sr/ 36=: 6. Ana. 

11. Multiply (a3y»)T into (a^y)*. 

232. Roots of the same letter or Quantity may be mvlHplUd^ 
by adding their fractional exponents. 

N. B. The exponents, like all other fractions, must be 
reduced to a common denominator, before they ean be united 
in one term. (Art. 122.) 

12. ThDStt^Xo*s:^fli**=a^*^=«of 

The values of the roots are not altered by reducing their 
indices to a common denominator. (Art. 207.a.) 

Therefore the first factor a^*=»«^ f 

And the second d^^ss^a* j 

But a^^a^ X a* X a^. (Art. 206.) 

3 i 1 

Anda^assa^Xa?. 

The product therefore is a^xa» Xa*Xa^X^aK«t• 
N. B. In all instances of this nature, the common denoan- 
nator of the indices denotes a certain rtiot; and the suiri of 



QufiBT.— How multiply roots of the Mune letter? How are expo- 
nents united 7 

12 
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the numerators, shows how often thikt is to be repeated as a 
factor to produce the required product. 

13. Thusa"xo*=o'"»xa*»»=a"»». . . 

14. Multiply 3y* into y* 

15. Multiply (a^-i)^ into (a-f*)^.. 

" * 1 ' 1 

16. Multiply (a — ^y)" into (a — y)*. 

17. Multiply a;"* into a;"». 

18. Multiply yi into y""* 

19. Multiply a» into a"" ». 

20. Multiply a; '^r^mtoa^"*- ' . : 

21. Multiply o2 into a^. 

233. Any quantities may be reduced to tne form of radi- 
cals, and may then be subjected to the same modes of ope- 
ration. (Art. 220.) 

i 1 19 1 "^x ^ 

22. Thusy3xy«=y*+^=«yT. 28* Anda?xa:*=a? » . 

N. B. The product w;iU become rational^ whenever the 
numerator of the index can be exactly divided by the denomi- 
nator, 

24. Thus a» X o* X a*=o¥ =a*. (Art. 207.) 

25. Multiply (a+5)f into (a+6)"*. 

26. M-uhiply a^ into a*. ' 

234. When mdical quantities which are reduced to the 
same index, have rational co^efficients, the rational parts may 

Quest. — Can all quantities be reduced to the fonn of radicals 7 How 
may they be treated then ? When radicals have co-efficient6> what mast be 
done with them ? 
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be multiplied together^ and their product prefixed t6 the profduct 
of the radical parts. 

27v Multiply a^b into c^d. 
^ The, product of the rational parts is ac. 
The product of the radical parts is -^bd. 
• And ^he whole product===5ac^6<]?. Ans. 

' ?8. Multiply ax^ into bd^. Ans! ab(x^d^)^. 

But in cases of this nature we may save the trouble of re-' 
duping to a common index^ by' multiplying as in Art. 230. 

29. Thus^ax^into 5rf»=aap2Srf*. Ans. 

30. Multiply a(b+aiy into y(^-^)^. 

31. Multiply a^y^ into b^hy. 

32. Multiply a^x into b^x, 

33. Multiply oa?"^ into fty"^. • 

34. Multiply «^ 3 into y^ 9. 

235. If the rational quantities^ instead of being co-efficienta 
to the radical quantities, are connected with them by the 
signs 4-2uid ~, each term in the multiplier must be multi- 
plied into each term in the multiplicand^ as in Art. 78* 

35; Multiply a-fV^ - 

Into c-^'\/d 

a^dJ^-y/bd 

ac + c -^6+a-|/^+ V^^' •^^^• 
36. Multiply a+ ^y into i^r^y, : 

a+Vy+^^Vy+^' Ans. 



QuKST.—When the radicals are compound quantities, how proceed ? 



{ 
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236* Hence we deduce the following 

OEKEBAL RULX FOB ]ICirX«TiPi»TI]CO E^nZCAIiB. . 

I. Radicals of the same root^ are multiplied by adding thnr 
fractional exponents, 

II. If the quantities have the same radical sign^ or index^ 
multiply them togMher as you multiply rational quantities^ place 
the product under the common radical sign^ and to this prefix 
the product qf their coefficients. 

ni. if the radicals are compound quantities^ each tsrm in the 
muliiplier must be mulHplied into each term of the multiplicand 
by writing the terms one after another, either with, or without 
the sign of multiplication between them. (Ait» 189.) 

EXAMPLES FOB PBACTICfi. 

1. Multiply -y/ a into {/ b, 
% Multiply 5^5 into Sy^S. 
3. Multiply 2^3 into 3f/ 4. 
4r Multiply -y/d into {/ad. 

flab / 9ad 

5. Multiply y 3c in^ \ ^ ' 

6. Multiply a(a—a?)a into (c—cQ x (<«?)* . 

7. Multiply b-y/S into 3^5. 

8. Multiply i^6 into fW^* 

9. Multiply Jv^lS into 5v^20. 

10. Multiply 2V3 into ISJ^S. 

11. Multiply 72ia* into 12aj«^. 

12. Multiply 4+2^2 into 2— v'^. ^ 

Quest. — General rule for multiplying radical quantities ? 
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DIVISION OP EADIGAI. QUANTITIES. 

237. The division of radical quantities may be expressed 
by writing the divisor under the dividend, in the form of a 
fraction. " . ^ 

li Thus the quotient of f' a divided by .^6, is 3^. 



'2. And (a^k) * divided by (6-f«)« is^^^ 



1 



In these instances, tl^e radical sign or indeoc is separately 
applied to the numerator and denominator. But if the divi- 
sor and dividend £ife: reduced, to t^.e same index or radical 
sigo, this may be applied to the whole quotient. 

3; Thus?/a^V*=— =\/-- For the root of a 
^ ^ yb \ b 

fraction is equal to ^eroot of tiie numerator divided l>y ^^ 

root of the denominator. (Art. 211.) > 

4. Again, t^ ab-^y &=^ a. For the prodtict of this quo- 
tient into the divisor is equal tq the dividend ; ttulLt is, .. 

Y axy b=zY ab. Hence, 
238. QuaTitities under the same radical sign or indei^may be 
divided like rational qiiantitiei^ the quotient being placed under 
the common radical sign or index. 

5. Divide (a?'y2)6 by y ». 

Thes^ reduced to the sa^e inde^ are (a?'y^)^ and (y')®. 
^r- And the quotient is ix^)^=ix'^=ix^. Ans. 



Quest. — How is the division of radicals expressed ? How is the radi- 
cal sign to he placed in this eAs« ? H«w divide quantiities titailer the same 
radical sign f 

12* 
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e. Divide i/6i»« by V^. 
7.Divide VS^by -v/S?. 

8. Divide (a'+wr)* by a*. 

1 1 

9, Divide («»A)« by (aa?)«. 

10. Divide (ay)t by (ay)l 

239. Jl roQi is dividtd by awaher root of th$ sam^ letter or 
quaniUyy by sukraeting the index of the divisor from thai of ike 
dividend. 

11. Thus ii^-r-a^«a^«a^— «^«rt»*» 

For «'=a*=«*xatxa* and this divided by a* is 

J = a* X a»=a:« =rfl'. 

a* 

1 i 1-i 

12. In the same manner, c^-r'a*=a* \ 

13. Divide (3a)^byai 
U. Divide (imp) » by (aap)». 

15. Divide a*" by fl^. 

16. Divide (i+y)" by (ft+y)*. 

-:^17. Divide (r V)^ ^7 ('•"y)'*- 

239 a. Powers and roo^ of the same letter, may also be 
divided by each other, according to the preceding article. 

18. Thus a2-^ai^=d2~*=al For a^ Xo*=a*=a\ 



QiQgir.---HowdivjidfB(meiootlyf another root of t^n«ele^ How 
powers and zoots of the same letter ? 



, 24^ Wh€n ndkd qwuUiu which are ndueed to tht ^awi% 
f94^^ k90^ nUiof^l €^^'eficienis^ tke raiiomal paris moj/ be du 
vided separately^ and their quotient prefrietd io the quotient of 
the radical parts, 

19. T^Ykwac^bd-^a-y/b^siC^d. For this quotiest multi- 
plied into the divisor is equal to iXm iitridend. 

20. Divide ^lAa^ay hy G^tf, 

21. Divide 18d* ^to by^2A ^a?. 

/I • i 

22. Divide by(a^x^y hy y(ax)\ 

23. Divide 16^32 by 8-^4. 

24. Divide b-y/xy by y'y., 

2b. Divide ab(x^ by hya{z)\ - 

These reduced |p the same index are ab(x^b)* and a(q:')*. 

The quotient then is b(b)i^(b^)i. (Art. 224.) 
To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient ivJU theu be 2^(f!^. 

a(a?)2 
241* H)^0e ,wie dodace the Ml&ming 

OSNESAL BITLE FOS PIirlPIlfG KAJ>lOAt§. 

J. If the raditds consisi of the same letter or quantity^ sub- 
tract the index of the divisor from that of the dividendy and 
place the remainder over the common radical part or root, 

II. If the radicals have coefficients^ the co-efficient of the 
dividend must be divided.by that of the divisor, (Art. 96.) 



Qv£ST. — When the radicals have co-efficients, what is to be done with 
them ? Generat vtXt for dividing i^cal quaatkies ? 



IIL If iht quantitm hiw t&emme,rdiiMU eu^ or MlAr, 
divide them at raiianal quaiUiHM9y andpl^ce ike qvot^mti vniet^ 
the common roMod eign% (Art. 1^.) . 

EXAMPLES FOB PBAOTICB 

1. Divide2^«cby Syoc. .; >.-.:' 

2. Divide lOJ/ 108 by 5?/ 4. . : . . . 

3. Divide 10v^27 by 2-^3. . 

4. Divide 8^108 by 2^6. 

^7-^-6. Divide (a262d»)* by A 

X6. Divide (16a»-12a2a?)iby2ii. 

7. Divide 6^138 by 2-^/6; 

8. Divide 8^ 512 by 4J^ 2, 
'9. Divide \\/b by J^?- 
10. Divide v^by^7. 

, 11. Divide 6 V54 by 3^/2. . . « - 

12. Divide tJ^/T? by 2?/ 18, .. 

INVOLUTION OF BADICAL Q IT A N T I T I E 8 . 

242. To involve a radical quantity to any vsqtdred p W^r. 

Multiply the index of the root into the index of the power to 
iohiek it is' to H raised* =( Art* 170.) - 

.;1. Thu» tb^ square of e^^^ ^ '*««^, For «^ x t^^a^, 

'' ■ ■ \ ' X 

2. Required the cube of a*. 

1 . 
3» Required tiie nth power of 0^. 

4. Required the fifth power of a*y*. 



QuxsT.— ^How mre nUUeal quantities mvdved f 



^8^ 3^^244f.] &ADIC4I. QUANTITIES. HI 

i 1 

5. Required the cube of a" «*". 

6. Required the square of flf*a?^, 

7. Required th^ epbe of «t. * 

8. Required the nth power of «*• 

243. .^ roof is raised to a power of the same nanu^ by remoth 
ing the index or radical s^^n, ^ 

N. B. When the radical quantities have rtoionml eo-^ffijeienu^ 
these must be imrolved by actual multipltcaltioii. 

9, Thus the'cube ofV b-^-x^ is h+x. 

1 

10. .And the fith power of (e-^)", is («— y.) 

11. The square of a^ a?, is a^Y a^. 
FoT a^xxaYx^ztfi^ X2. 

12. Required the «tb power of t^xf^. 

13. Required the square of aVx — y. 
H. Required the eube. of da ^3f> 

24^. But if the radical quaiitittes are connected with others 
by the signs -f and — ^ they must be involved by a multipli- 
cation of the several terms, as in Art. 172. 

15. Required the square of aJ^^y and a — -y/y, 

a+Vy <»~Vy 

fl+Vy • . ^ — Vy 

^Vy+y — «Vy+y 



ci»4-2avy+jr fl{«-2«vy+y' 



QuEST.-^How is a root raised to a power of the same name ? If the 
radicals have co-efficients, how proceed 7 If the radicals are. compound 
quantities, how ? 
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16. Required the cube of a — ^h. 

17. Required the cube of 94+ V^. 

18. Required the 4th power of ^d. 

19. Required the 4th power of —Vaa?—1. 
^20. Required the 6th power of Va+fc. 

EVOLUTION OF RADICAL QUANTITIES. 

245. The operation for finding tlie root of a quantity which 
is already a root, is the same as in other cases of eVohition. 
Hence we derive the following 

RULE FOR TflB.EV4>LU,TI0N OF Rll'BICAtS. 

I. Divide the fractional index of the quaality< by. the number 
expressing the root to be found. Or, 

Place the radical sign belonging to the requiritd root over the 
given quantity. 

n. If the quantities have, rational co^efficients, the root of 
these must be extracted^ and piaeed before the radical sign^ or 
quantity, (Art. 210.) 

1. Thus, the square root of a* is a**^ =a*. 

2. Required the cube root of a{xyy. 

3. Required the »th foot of aV by. 

4. Required the 4th root of ^ax^ b. ^ 

5. Required the 7th root of 128^ d. 

245.a. From the preceding rules, it will be perceived that 
powers and roots may be brought promiscuously together, and 
subjected to the same modes of operation. 

Quest.— General rule for the evolution of radicals? 



.▲rjUu 345, fM.a.2 radiqax, i^uantities. 
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1. 

2. 

3. 

4. 

5. 



EZAHPLB8FOH PRACTICE 

Findr the 4th root of Sla^. 
Find the 6th root of (a+ J)-». 

Find the nth root of («— ;^)*. 
Find the cube root of — 125»^. 
4a* ,. 



Find the square root of 
Find the 5th root of 






6. 

7* Find the square root of*' — 6&aj4-96'. 
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8. 

9. 
10. 

11. 

12. 

13. 

14. 
15. 

16, 
17. 

18. 
19. 

20. 

21. 



Find the square root of a'^-ay^iL. 

4 

Beduce ax^ to the form of the 6th root. 
Reduce — By to the form of the cube root. 

Reduce a' and a^ to a common indes:. 

Beduce 4^ aiid 6* to a eommon index. 

Reduce a^ and b* to the common index i* 

Reduce 2^ and 4^ to the common index f. 

Bemove a factor from -^294. y"^ 

■ .' ■\ 

Bemove a facto? from -y/ap^ — a^z^. 



Find the sum and difference of y^l6a'^ and y/^'^x. 
Find the sum and difference of ^ 192 and ^ 24. 
Multiply ly 18 into 5^ 4. 
Multiply 4+2-^/2 into 2- y/% 
Multiply a(a4- v^c)^ into 6(a— ^c)a. 
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1 L 

22. Multiply 2(a+6)» iato 3(a+i>-. 

23. Divide6v'54fby 3v^2. , . , 

24. Divide 4^ 72 by 2^ 18. / ] 

25. Divide -/7 by ^ 7. . 

26. Divide 8J/ 512 by 4?/ 4. 

27. Find the cube of I7v^l. 

28. Find the square of S-f-y^ 

29. Find the 4th power of ^v^6. 

30. Find the cube of ^z — V*. 




SECTION X. 

BEDUCTIONOF Si^UATIONS BY XNTOLVTroffJ 

Art. 246. In an equation^ tke ietter Wbieh elfMressev ilie 
unknown quantity is sometimes found under a radical sign* 
We may have -|/j?=sa. 

To clear this of the radiciJ vign^ let each member of the 
equation be squared, that is^ multiplied into itself. We sludl 
then have ^x X Va:=.aa. Or, (Art. 243,) x=ta\ 

The equality of the sides is not affected by tliis operation, 
because each is only multiplied into itself^ that is, equ^ 
quantities are multiplied into equal quantities. (Ax. 3.) 

The same principle is applicable to any root whatever. 
If Y Xasa ; then a;»a*. For by Art. 243, a rbot is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 
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247. To reduce an equation when the unknown 'quaixtity 
is under a radical sign. 

Involve both sides U a power of the same name^ as the root 
expressed by the radical sign. 

N. B. It will generally be expedient to toake the necessary 
transpositions, and to clear the equation of fractions, before 
involving the quantities ; so that all those which are not un- 
der the radical sign may stind on one side of the equation* 

1. Keduce the equation v^x-f- 4s=9 
Transposing -f^ V^a?= 9 — 4=5 
Involving both sides, «=:52=:25. Ans. 

2. Reduce the equation «+^* — i=(^ 
By transposition ^ ««=(/+ 5 — a 

By involution jr=((f-^5 — a)*. Ans. 

3. Beduce the equation ^ a:+l=a4. 

4. Reduce the equation 4+3 Vo?— 4=644. 

5. Reduce the equation V'SMV^=*--|±^— - . 

, 6. Reduce 3+2-/a^— f—^* 

7. Reduce 4 a/~8. 

8. Reduce (2»+3)i+4=7. 

9. Reduce Vl2-fa;=2+V^. 

10. Reduce Vic— a« v'^'^i V^' 

11. Reduce ^5xi/«+2«2+v^.^r 

12. Reduce fri!?=:^. . 

^x X 



Quest. — ^When the unknown quantity is under the radical sign, how is 
the equation reduced 7 What preimration is it advisable to make before 
involving the quantities ? 
13 
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13. Reduce V±J:^:^V^?±^. 

14. Reduce Vop+V^+^s:- 



2a 



^(a+x) 
15. Reduce x+Va^+x^- ^*" 



16. Reduce x+a^ Va^+x^ (^'+a?^- 

17. Reduce V2+a;+VaJ= ^ 

18. Reduce Vrc— 32=16— ^a:. 

19. Reduce V4fx+llz=9^^x+l. 

20. Reduce V(6^)-^^ W(6^)-9 

V(6a;)+2 4V(6a;)+6 

ABDUCTION OF EQUATIONS BY EVOLUTIO??. 

248. In many equations^ the letter which expresses the 
unknown quantity is involved in some power. Thus, 

In the equation a:2==:16, 
We have the value of the squatre of a:, but not of x itself. 
If the square root of both sides be extracted, 
We shall have a;=4. 
The equality of the members is not afiected by this reduc- 
tion. For if two quantities ot sets of quantities are equal, 
their roots are also equal. 

If (a;-fa)*=r6+A, then x+a^V b+h. Hence, 

249. To reduce an equation when the unknown quantity 
is a power. 

Extract the root of both sides which corresponds with the 
powsr expressed by the index of the unknown quantity. 



QuEST.-^When the unknown quantity is a power, how is the equation 
reduced 7 
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1. Reduce the equation e^-*^— 8=7 

By transpoii^ion, , af*=7-f8— 6=9 

By evolution, ap= =b -^9 =^=fc 3. Ans. 

The signs + and — are both placed before -^9, becauee an 
even root of an affirmative quantity is ambiguous. (Art. ^1%) 

% Reduce the equation ix^-- SQzmfn^^Sit 

Transposing, &c., a?^= 16 

By evolution^ x =db4. Ans. 



'\ 3. Reduce the equation 






4. Reduce the equation 0-^x^=10" x^. 

250. From the preceding articles it will be easf to see, 
that to reduce an equation containing a root of a power, 
(Art. 206), requires both involution and evolution. 



5. Reduce the equation 
By involution, 

By evolution, 

6. Reduce the equation 

7. Reduce the equation 

8. Reduce the equation 

9. Reduce the equation 

10. Reduce the equation 

11. Reduce the equation 

12. Reduce the equation 



^a?'=4 
a:2=:43=64 
X ==fc:V64=±8.Ans. 



(*-H»)=, .\ 



(^-1) 



(x»-l)i 



V«'— 11=5. 



■y/y*—4iab=a—b. 

(i3+V2a4V)^=5. 



(3+^329+V^) =144. 



QuEBT.^-Why are the signs + aad — placed before the root ? How 
is an expresdion contaiiung a root of a pov^er reduced ? 
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PEOBLBMS. 



Prob. 1. A gentlemBQ being asked his age, replied, '* If 
ydu add to it 10 years, and extract the square root of the 
suiaf and from this root subtract 2, the remainder will be 6." 
What wasKiis age % 



By the conditions of the problem, ^ip^-lO— '2=6 



By transposition, y'ay-f- 10=6+2=8 

By involution, af-f 10=82=64 

And 0=64-10=54 



Proof. (Art. 161.) ^54+10- 2=6 
Prob. 2. If to a certain number 225T7 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the number ? 
Let x=. the number sought, 6=163 

0=22577, (Art. 159), c=237 

By the conditions proposed, -/^lua— fcsc 

By transposition, t/xIfI^z=c-f-6 

By involution, «-j-a=(c4-6)2 

And a^(c-f6)2— a 

Restoring the numbers, (Art. 35), ic=(237-f-163)^— 22577 
That is a?=160000— 22577=137423. 



Proof. ^137423+22577— 163=237. 

251. When an equation is reduced by extracting an even 
root of a quantity, the solution does not always determine 
whether the answer is positive or negative. (Art. 212.) But 
wiiat is thus left ambiguous by the algebraic process, is fre- 
quently settled by the statement of the problem. 
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Prob. 3. A merchant gains in trade a sum to which 320 
dollars bears the same .proportion as five times this sum does 
to 2500. What is the amount gained ? 

Prob. 4. The distance to a certain place is such, that if 96 
be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance ? 

Prob. 5. If three times the square of a certain number be 
divided by 4, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number 1 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 41 

Prob. 7. What two numbers are those, whose sum is to the 
greater as 10 to 7 ; and whose sum multiplied into the less 
produces 2701 / j*' 

Prob. 8. What two numbers are those, whose difference 
is to the greater as 2 to 9, and the difference of whose 
squares is 128 1 ^ > 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Prob. 10. It is required to divide the number 14 into two 
such parts that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the 
greater as 16 to 9. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is ^103 1 

^^ Prob. 12. Two travellers, A and B, set out to meet each 
other, A leaving the town G at the same time that B left D. 
They travelled the direct road between C and D ; and on 
meeting, it appeared that A had travelled 18 miles more than 
B, and that A could have gone B's distance in 15|^ days, 
13* 
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bat B would have been 2^ days in goings A^ft diMairce. Re- 
quired the distance between G and D.-s^ /jt 
, Prob. 13. Find two numbers which are to each other as 8 
to 5, and whose product is 360. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard as there were yards in the piece, and 
their whole prices were aa 4 to 1* What were the lengths 
of the pieces] 

Prob. 15. Find two numbers which are to each other as 3 
to 2 \ and the diflerence of whose fourth powers is to the 
sum of their cubes, as 26 to 7. 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money.^ Each had as many servanta 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
Tants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there ? 

— ' Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three mien more \ when their number was 
found to be increased in the. ratio of 17 to 16. How many 
companies were there in the regiment /r/; • 

AFFECTED QUADRATIC EQUATIONS. 

252. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown q^uantity. Those which contain only 

QufiST.— lato what are equatioos divided ? 
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ikejirs^ power of the unknown quantity ore called simple 
equations, or equations of the first degree. Those in which 
the highest power of the unknown quantity is fisquart^ are 
called quadraiic^ or equations of the sectmd degree ; those in 
which the highest power is a cK^e are called eubic^ or ^qua* 
tions of the third degrety &c. ^ 

Thus ar=so-[-i, is an equation of the^rs^ degree. 

x^^^Cy and a:^4-iia?=B J, 
are quadratic equations, or equations of the second degree. 

x^s^thy and x^-[-ax^-\~bx=dy 
are cubic equations, or equations of the third degree. 

253. Equations are also divided into pure and affected equa- 
tions. A pure equation contains only one power of the un- 
known quantity. This may be t;he first, second, third, or any 
other power. An affected equation contains different powers 
of the unknown quantity. Thus, 

C x2=J— 5, is a pure quadratic equation. 

( x^-]-bx=^dy an affected quadratic equation. 

( a?'=»=:6— c, a pure cubic equation. 

C x^-\-ax^-\~bx:^hy an affected cubic equation. 

In Bipure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation, as the unknown quantity is raised to dif- 
ferent powers^ the terms containing these powers cannot be 
united. (Art. 185.a.) 



Quest.— What are those called which contain only the first power ot 
the unknown quantity ? When the unknown quantity is a square what ? 
When a cube ? How else are equations divided ? What is a pure equa- 
tion ? What an afiected equation? 
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254* «^n ejected quadratic equation it one which contains ih^ 
unknown quantity in one termy and the square of that quantity 
in another term* 

The unknown quantity may be originally in several terms 
of the equation. But all these can be reduced to two, one 
containing the unknown quantity, and the other its square. 

255. It has thready been shown that a pure quadratic is 
solved by extracting the root of both sides of the equation. 
An affected quadratic may be solved in the same way, if 
the member which contains the unknown quantity is an 
exact square. 

Thus the equation x^-\-2ax-^^=b^-hy may be reduced by 
evolution. For the first member is th^ square of a binomial 
quantity. (Art. 173.) And its root is a?-f a. Therefore, 
ir-|-a= ^A-(-A, and by transposing a, 
x^^b-^-h—a. 

256. Bat it is not often the case, that the member of an 
affected quadratic containing the unknown quQntity,^ is an 
exact square^ till an additional term is applied, for the purpose 
of making the required reduction. 

In the equation a?2-|_2flMC=ft, the side containing the un- 
known quantity is not a complete square. The two terms 
of which it is composed, are indeed such as might belong to 
the square of a binomial quantity. (Artll73.) But one term 
is wanting. We have then to inquire, in what way this may 
be supplied^ From having two terms of the square of a bino- 
mial given, how shall we find the third 1 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers, or 

. Quest. — What is an affected quadratic equation ? How is a pure qua- 
dratic equation solved ? How an affected quadratic^ when it is an exact 
square ? How^ when it is not an exact square ? 
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which is the same thing, the product of one of the roots into 
twice the other. 

In the expression x^-^itax^ the term 2ax consists of the 
factors, 2a and a?. The latter is the unknown quantity. The 
other factor 2a may he considered the co-efficient of the un- 
known quantity ; a co-efRcient being another name for a fac- 
tor. (Art. 24*.) As x is the root of the first term x^ ; the 
other factor 2a is twice the root of the third term, which is 
wanted to complete the square. Therefore ka^ of 2a is the 
root of the deficient term, and a^ is the term itself. 

The square completed is a?^-(-2aa?-}-o', where it will be 
seen that the last term a^ is the square of half of 2a, and 2a 
is the co-efficient of x^ the root of the first term. 

In the same manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. 

257. From this principle is derived the following 

METHOD FOR COMPLETING TH£ SQUARE. 

Take the square of half the co-efficient of the first power of 
the unknown quantitif, and add it to both sides of the equation. 

258. It will be observed that there is nothing peculiar in 
the solution of affected quadraticsy except the completing of 
the square. Quadratic equations eLve formed in the same man- 
ner as simple equations ; and after the square is completed, 
they are reduced in the same manner as pure equations. 

1. Reduce the equation x^-\-6ax=b 

Completing the square, oj'-f 6aa?-|-9a2=:9a^-f 6 

Extracting both sides, (Art. 255,) x^3a'=^zhV9a^^ 
And ar=:—3a± 1/9*2^^. Ans. 

Here the co-efficient of a:, in the given equation, is 6a. 

Quest.— What is the first method for completing the square 7 What is 
there peculiar in the solution of quadratics ? 



/^ 
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The square of half this, is 9^^, which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 249, excepting that the square here being that of a 
binomial^ its root is found by the rule in Art. 216. 

2. Reduce the equation <t^ — Sbx^h. 

3. Reduce the equation z^+ax^^b+h. 

Completing the square, 

4. Reduce the equation 

5. Reduce the equation a;2+3: 

6. Reduce the equation a?^ — abz 

7. Reduce the equatioa a;2+=A. 

b 

8. Reduce the equation x^ — ^=:7A. 

259. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 257.) Thus in the last example, 

half the co-efficient of a; is _p, and this is the root of the 

2? 

third term — — -. 
462 

260. When the first power of the unknown quantity is in 
several terms^ these should be united in one, if they can be 
by the rules for reduction in addition. But if there are 
literal co-efficients, these may be considered as constituting, 



Quest. — How do you know what the root of the third term of the com- 
pleted square is ? When the first power is in several terms, what is to be 
done ? If there are literal co-efficients what ? 
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together, Vktompound co-efficient or factor, into which the 
unknown quantity is multiplied. 

Thus aa?-f^+<k=(a+6+(f)x«* (Art. 97.) The square 
of half this compound co-efficient is to be added to both sides 
of the equation. - . 

9. Eeduce the equation a?2-jr8a?-[-2a?-f ap=<l 

Uniting terms z^-\-6x=d 

Completing the square x^-\'6x-\^9=3']~d 

And x=^3±:V9+d. Ans. 

10. Reduce the equation z^-\-^x-^-biv==h 
By Art. 97, z^+(a+b) xx^h 

Therefore a?H(«+^)xa?+ ff±* 1 '= f±Hl %A. 

11. Reduce the equation x^'\'ax — i£=h. ^ 

261. Before completing the square, the known and un- 
known quantities must be brought on opposite sides of the 
equation by transposition \ the square of the unknown quan- 
tity must also be positive^ and it is preferable to make it the 
first or hading term. 

12. Reduce the equation a-j-So? — 35=3a? — x^ 
Transp. and uniting terms x^^2x=Zh — a 
Completing the square a?2-}-2a?+l=l+3^ — « 

And 0?=— l±Vl-f36— o. Ans. 

<*» ^fi 

13. Reduce the equation _= — 4. ' 

^ 2 x+% 

262. If the highest power of the unknown quantity has a co^ 
efficieju, or divisor^ before completing the square it must be 
freed from these by multiplication or division. (Arts. 149, 154.) 



QtrEST. — Before completing the square what preparations is it expedient 
to make 7 If the highest power has a co-efficient or divisor, what should 
be done ? 
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14. Reduce the equation a?2^24flf— 6A=12a?-^5a;2 

Transp. and uniting tenns 6x^ — 12x=^Qh — 24a 
Dividing by 6, rc^— 2ar«A— 4fli 

Completiorg the square, x^ — 2ar-j-l?scl-f-A— 4a 
Extracting and transp. xs±sl±:Vl-\-h — 4a. Ans. 

1§. Reduce the equation A4-2rc=(^— , 

a 

273. If the square of the unknown quantity is in several 
ierms^ the equation must be divided by all the co-efficients 
of this square. (Art. 155.) 

16. Reduce the equation bx^-^x^--4}X=b — A 

Dividing by ^-f^, x^—J^:^tz^ 

^ 17. Reduce the equation aa?2-|-a?— A-j-3a;— a?^^ 

Given ax^-^bxz^dj to find x, . 

If this equation is multiplied by 4a, and if b^ is added to 
both sides, it will become, 

4a2x2+4aftr+i2=4aJ+^^ 5 
the first number of which is a complete square of the bino* 
mial 2aJ?-h^* 

264. From the foregoing principle is deduced 

A SECOND METHOD OF COMPLETING THE SQTJAEE. 

Multiply the equation by 4 times the co-efficient of the high' 
est power of the unknown quaniiiy, and add to both sides the 
square of the co-efficient of the lowest power. 

The advantage of this method is, that it avoids the intro- 
duction of fractionSj in completing the square. 



Quest. — ^If the square of the unknown quantity is in several terms, how 
proceed ? What is the second method of completing the square ? What 
advantage has this method ? 
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I^EICONgtBATlOlT* 

L The object of mttltiprlying the equation by the co-ejffU 
dent of the Mght$i pcnoer, is to render the first term a x>er> 
fbct square without remoiriog kt co^eflScieot, and at the same 
time to obtain the middle tenp Of thd square of a binomkl. 
But we must multiply all the terms of the equation by this 
quantity to presertie the equality of its meMbe^s. (Ax. 3.) 
The equation abore v/ken malt* by n, becomes vPi^+^(Uf:t»±^ad* 

That the first term will, in all - cases, be r^'Udei^ed a com^ 
p)ete square when multiplied by it'» co-efficient^ is evident 
&om the facti that it will then consist of tl¥0 factors, eadi 
of which is a square, riz, s^ySH^ the square of its co-effi-> 
cient. But the product of the squares of two or mfore &ctors, 
is equal to the square of their product. (Art. 167.) 

2. It will be seen that one term is still wanting in the first 
member, in order to maike it the square of a binomial, viz* 
the square of the kst term. (Art« 173.) 

This deficiency may be supplied by adding to both sides 
the square of half the co-efficient of the lowest power, as in 
the first method of completing the square. But in taking half 
of this co-efficient, the learner will often be encumbered with 
fractions which it is desirable to avoid. Thus in the equa^on 

above, half of the co-efficient of the lowest power i* -^f the 
square of which is — . Adding this to both sides, the equa- 
tion will become, oV-fo6a;-f- — =od-{- — , the first member 

of which is a complete square of the binomial, ox-f ^. 

Quest. — Why is the equation multiplied by the co-efficient of the highest 
power T How does it appear that this will make the first term an exact 
square ? Why add the square of the co-efficient of the lowest power to both 
sides? 

U 
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Now it is iobviouS) thai muHipIying the equation by 4, is 
the same as temoving the. denominator .4 ffom the third te^m. 
Heiic€ multiplying the eqaation hy 4, will avoid the introduc- 
tion of fractions, and also leaive the square of Uie wh<^e of 
the co-efficient of the lowest power to be added to both sides 
according to the rule. 

The first terra evidently contiauea to be « square, after it 
is multiplied by 4, for ii is still the rproduct of the powers o{ 
G(ertaia factors. (Art, 167.) 

3. It will be perceived at once, that 'the second term is 
composed of twice the root of the first term multiplied into 
the coefficient of the last te^m, which constitutes the middle 
term of a binomial square. (Art. It3.) 

Obaer. It is manifest from the preceding demonstration, that multiplying 
by 4 Bs not a nteessary step in completing the square, but is resorted to as 
an expedient to prevent the oecorrenee of fractions. When therefore the 
co-eflicient of the lowest power is an wm number, sio that half of it can be 
taken withoat a remainder, we may Hmj^ify tht operation l)y ip«lti|>lyib^ 
by the co-efficient of the highest power alone, and addij^g to. both sides 
the square of half the co-efficient of the lowest power of the unknown 
quantity. 
Taketheequaticfn 7afa+40j!^7lf . 

Jioltiplylngby?, itbecomes A9x2^2»Ox^506 

Adding the square of half the co-efficient, 49;r2-[-280a:-f400«s900 
By evolution and transpositioa^ a:t=40. ' / 

265. From the preceding principles we may also deduce 

OTHER METHODS OF COSfPLETlNG THE SQUARE. 

Multiply the equation hy 16 times the co-efficient of the high* 
est power of the unknown quantiiy^ and add to both sides 4 times 
the square of the co-efficierU of the lowest power. 

Quest. — Why multiply the equation by 4 ? How may the equation be 
simplified when the co-efficient of the lowest power is an even number 7 
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Jlnd uni'bersally^ multiplying thfi eqaaiiofk by Aeprcdud of 
any square number, as n^^ into ihe co^efficie^ of the highest 
power, and adding to both sides the square of half the root of 
this number into the square of the co-efficient of the lowest power, 
will render it a complete square. 

Take the equation a?^ — 3a?— 4, 

Multiplying by 16, &;c. 16a?2— 48a?+36 = 100 

> By evolution ahd transposition, a?=4i 

Or, take the equation 'aoc!^+c£==d. 

Mult, by n\ 6cc. n^a^x^+n^acx+.^^zz:n^ad+J^i the 

■ 4 4 

first member of which ^s the square of the binomial, nax-{- — . 

There is an obvious a<ftMzn/a|re, however, in employing 4 in 
preference to any othet square number. For multiplying the 
equation by 4 times the co-efficient of the highest power, will 
produce the middle term of a binomial square, the ^Airc^term 
of whieh is the square of the co-effipient of the lowest power* 

18. Reduce the equation ax^^^x=zh. 

19. Reduce the equation 3x^+6xrziQ. 

. f^O. Reduce the equation x^ — 15a?=— 54. 
. 265.0. Ip the square of a binomial, the first and last terms 
are always positive. For each is the square of one of the 
terms of the root, and all even powers are positive, (Arts., 
168, 173.) 

If then — x^ occurs in an equation, it cannot with this sign 
form a part of the square of a binomial. But if all the signs 
in the equation be changed, whilst the equality of the sides 
will be preserved,, the term -r-j?* will become positive, and 
the square may then be completed. (Art. 146.) 

Quest. — ^What other ways of completing the square are mcntionecl ? In 
the sqnate of a binomial, whftt sign have the fttst and last tenns 7 If the 
square of the xmknown quantity has the sign — before it, what must be 
done? 
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f^l. Be4uoe the equation -^'^^Ixzrzd-^ 

Changing all the signs x^—2x=ih — d. 

Si.'Uedu^e the equation 4fX—x^= — 12, 

266. In a quadratic equation, the first term x^ is the square 
of a single letter. But a hinomial quantity may consist of 
terms, one ox both of which are already powers. 

Thus x^+a is a. binomial, and its square is s^+2aa^-^a\ 
where the index of x in the first term is twice as great as. in 
the second. When tbe third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So tbe »quiiieiOf a^+a^ is,»?*+2«r^+a*. 

1 LI 

And the square of »"+«, is x^+%ax''+a\ Therefore, 

. £67. Jiny eqwuionvfhick contmns only ivio different powere 
or roots of ihe n^nown qtutntiiy^ the index of one ofvfhick U 
tunce that of the othtfy may be solved in the same manner as a 
quadratic equation^ by compleling the square. 

N. B. It must be observed, that in the binomial root, the 
letter expressing the nnknown quantity may still have a frac- 
tional or integral index, so that a farther operation may be 
necessary. (Art. S50.) 

23. Reduce the equation a?* — x^=b — a. 

Completing tjie square a?* — a?2.|^_.i._j..^ — ^ 

Extracting. an4 transposing, x^=i^±: ^^^b--^ • 



Extracting again, (Art. 249,) j?=db V^dr V(^+A^a), 
24. Reduce the equation x^*^—4fbx'*=a. 

QxTXST. — How solve eqoations which contain only two different powors 
or roots of the unknown quantity, when the index of on^ is twice that of 
the other ? 
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25. Reduce the eqaation or+iy'apsaeA — 1». 

a 1 

26. Reduce the equation af*-|-8a;"s=a-|-ft. 

268. The solution of a quadratic eqaation, whether pure 
or affected, gives two results. For after the eqaation is re- 
duced, it contains an amhiguous root. In a pure quadratic, 
this root is the whole value of the unknown quantity. 

Thus the equation . a?'^Bs64, 

Becomes when reduced, a?as±:y'64. (Art. 249.) 
That is, the value of x is either -|-8 or — 8, for each of 
these is a root of 64. Here hoth the values of x are the 
same, except that they have contrary signs. This will he the 
case in every pure quadratic equation, because the whole of 
the second member b under the radical sign. The two / 
values of the unknown quantity will be alike, except that one - 
will be positive, and the other negative. 

269. But in affected quadraticsi a part only of one side of 
the reduced equation is under the radical sign. When this | 
part is added to, or subtracted from, that which is without the 
radical sign ; the two results wiU difier in quantity, and will '■ 
have their signs in some cases alike, and in others unlike. 

27. The equation ae'-f-8a?=20 

Becomes when reduced, a?;=B — 4d=Vl6-|-20. 
That is, a?=— 4zb6. 

Here the first value of a? is — 4-|-6=-f 2 ) one positive, and 
And the second is — 4 — 6= — 10 \ the other negative. 

28. The equation gg^— 8a?= --15 
Becomes when reduced, a?=4±'v/l6 — 15 
That is, a:=4dbl. 



QtncsT.— How many remits does the soltition of a quadratic give ? In 
pure quadratics, is the whole value ambiguous ? Is this the case in af- 
fected quadratics ? 

14* 
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Here the first value of » is 4-f M+5 ) ^^^^ ositive. 

And the second is 4 — l«=-f-3 > 

That these two values of x are correctly found, may be 
proved by substituting" first one and then the other, for x 
itself, in the original equation. (Art. 161.) 

Thus 5'-^8x5==25— 40=— 15 
And 3^—8x3= 9— 24==— 15. 

270. In the reduction of an affected quadratic equation^ 
the value of the unknown quantity. is frequently found to be 
imaginary. , ^ 

29. Thus the equation ,a?^— 8x=«— 20 . 

Becomes when reduced, a?s5s4i: VlG-^-SO 
That IS, a:«=4±V^. 

Here the root of the negative quantity — 4 cannot be as- 
signed, (Art. 214,) and therefore the Value of x cannot be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign, is greater thail the positive part. 

271. When one of the values of the unknown quantity in a 
quadratic equation is imaginary, the other is so also. For 
both are equally affected by the imaginary root. 

Thus in the example above, 

The first value of x is ^+1/ — ^j 

And the second is 4 — 1/ — 4 ; each of which 
contains the imaginary quantity -y/ — 4. 

272. An equation which when reduced contains an ima- 
ginary root, is often of use to enable us to determine whether 



QuicsT.— Is the Value of the tinknown quantity eVcr imaginary ? When 
one of the talues is imaginary, what is true of the other ? Are equations 
containing an imaginary root of any use 7 What use ? 
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n propcmed que»tion admits of an answer, dr involves an ab- 
Mirdity. 

30. Saj^pose.it is required to divide S into two such parts 
tliat the product will be 20. 

. If' 0? is one of the parts, the other will be S—x. 
By the cgnditibhs proposed^ (8-^a?)x 0^=20 

This becomes when re4ueed, a?=5 dt y'— 4. 

* Here the imaginary expression y'-^^ shows that an an- 
Kwer is impossible ; and that thdre ia an absurdity in suppos- 
ing that 8 may be divided into two sueh ][>arts that their pro-" 
duct shall be 20. 

273. Although a quadratic equation gives two res«lts, yet 
both these may not always he applicable ^to the subject pro- 
posed* The quantity under the radical sign may be produced 
either from a positive or. a negative root. But both these 
roots may not, in every instance, belong to the problem to 
be solved. (Art. 251.) 

31. Divide the number 30 into two sueh parts, that their 
product may be equal to 8 times their difierence. 

U x= the less, then 30— ar— the greater part. 

By the supposition, a;x(30— a?)=r8x(30— 2af). 

This reduced, gives a?=23di 17=40, or 6, the less part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the less part 6, and the greater 
part 24. 

274. The preceding principles in quadratic equations may 
be summed up in the following 

GENSaALAtfLS.: 

1. Transpose all the unknown quantities to one side of the 
equation ; and the known quantities to the other. /^' 

Quest. — Are both of ihe results of a quadratic always applicable to the 
problem under consideration ? What Is the general rule for the solution 
of quadratic equations ? 
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II. Make the square cf the unkmnon-fuantiiy positive (if it 
is not already) by changing the signs of all the terms on both 
sides ; and place it for the first or leading term. (Art. 261.) 

III. To complete the square, 

1. Remove the co^efficient of the second power of the un- 
known quantity^ and add the square of half of the co-ejficitnt 
of the first power of the unknown quantity to both sides of the 
equation. (Art. 257.) Or, 

2. Multiply the equation by four times the coefficient of 
the highest power of the unknown quantity^ and add to both 
sides the square of the co-effi^ient of the first power of the un- 
known quantity. (Art. 264.) 

. IV. Reduce the equation by extracting the square root of both 
sides ; and transpose the known part of the binomial root thus 
obtained to the opposite side* (Art. 255.) 

EXAMPLES FOR PRACTICE. 

1. Reduce Saj'-Qo?— 4=80. 
I 2. Eeduce 4a?— ??Ilf=^46. 

3. Reduce 4<c^ltz^^U. 

a?-fl 

4. Reduce bz^^'^^=^+^^^. 

a?-3 ^ 2 

.5. Reduce ;i-122z:??=3. 

a? 4r* 

6. Reduce ??=i+l=10-.f^. 

0?— 4 ' 2 

7. Reduce ^jt^Jt:^^^!^^^!. ' 

3 a;— 3 9 

8. Reduce T~ ^ — ^==0?— 3» 

a.«-^6a?+9 
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9. Reduce -J-j.?=^. 

, 10. Reduce -^-?Z:l=a— 9 

11. Reduce -^.f =1 ' 

. . ' a 9 a 

12, Reduce ir*+aa?3=6. 

. 13. Reduce ?!—?!: = ~1. 
2 4 32 

/ 14. Reduce 2a?*-f 3a?^=2. 

15. Reduce ^ — Jy'j?=22|^. 

16. Reduce 2a:*— a;2-j,96=99. 

, 17. Reduce (10+ar)^— (l0+a?)'^=2. 

18. Reduce ar^^^— ap*=8. , 

19. Reduce 2(1. 

20. Reduce ^^Wl=ar--6. 

21. Reduce V^:^:=!=V^. 

22. Reduce a?«-f«« =756. - 



23. Reduce V2x+l-{-2^x= 



21 



V(2a?+1) 



24. Reduce 2v^x=^+3v'2ar=J?it5?L 

25. Reducex4-16— 7V5+l6==10— 4i/i+16. 

26. Reduce ^x^+^x^z^G^w. t- 

27. Reduce lgZ:J-^gglz!= ^+^^ . 

« 3ir+7 13* 
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28. Reduce _?_+_L^=H. 

6x — x^ a?' + 2a? 5a? 

29. Reduce (a:— 5)'— 3(.x-^5)^=40. 

30. Reduce 0?+ Va?-j-.6=2-f3\/ic+6. 

PROBLEMS IN QUADRATIC SQTFATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, aind a 
piece of silk. The number of yards in both is 110: and if 
the square of the number of yards of silk be subtracted from 
80 times the number of yards of cotton, the difference will 
be 400. How many yards are there in each piece 1 
Let a? = the yards of silk. 
Then 110— .a; = the yards of cotton. 
By the supposition 80 x ( 1 lO— a?)— a:^ =400. 
Therefore ' «?=•— 40±v^l0000=:— 40±100. 

The first vahie of ar, is — 404-100r=60, the yards of silk ; 

And 1 10— a?= 1 10—60=50, the yards of cotton. 

The second value of a?, is —40^-100== — 140; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 1 17. 

Prob. 4. A merchant harving sold a piece of cloth which 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his gain^ the product would be equal to 
the cube of his gain. What was his gain 7 

Prob. 5. To find two numbers whose difference shall bo 3, 
and the difference of their cubes 117* 
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. Prob* 6. To find two numberai. whose di&rence shall be 
12, and the sum of. their squcuree 1424I* / 

Prob. 7. Two persons draw prizes in a lottery, the difier- 
ence of which is 120 dollars, and the greater ia to the less, 
as the less to 10. What are the prizes 1 

Prob* 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 12% . / . 

Prob. 9« DiiFtde the number' 56 into two such parts, that 
dieir produet shall be 640. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the 
piece, and gaipedby the bargain as much as one piece cost 
him. What was the number of pieces % 
j^ Prob. llfc A and B started together, for a place 150 miles 
^ distant. A's ho^urly progress was 3 miles more than B^s, and 
he arriyed at his journey's end 8 hoctrs and 20 minutes before 
B. What was the hourly progress of eaehl .'\ 

Prob. 12. The difierence of two numbers is 6 \ and if 47 
be added to twice the square of the less, it will be equal to 
the 8(|uare of the greater. What are the numbers \ 

Prob. 13. A and B distributed 1200 dollars each, among a 
certain number of persons. A relieved 40 jpersons more' 
than B, attdBgave to each individual 5 dollars more than A. 
How many were relieved by A and B 1 > / ' - 

Prob. 14. Find two nnnabers whose sum is 10, and' the sum 
of their squares 58. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had beetipaid by 
the \i^ole company. What was the number in the company 
at first 1 
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Prob; 16* 'A taoh^hont bought n^v^ml yatdsr of* linen for 
60 dollars, out of whioh he reBdrvc^ 15 yards, and so]d the 
remaindei for 54^ doUai% gaimug 10 .cents a yard.. H6w 
many yardsi did he buy, «Ad at wh#t ptioe ? j j^- 

Prob. 17. A and B set out from two toWn^, which were 
^7 oiil^s distant, and tratetied the .direct toad till they met. 
A went 9 miles a day ; and the niittiber of days v^hiefa they 
Vavell^d before meeting vms gr^^r by 3 tfa|Eui;the nUmber 
of miles which B went in a day. How matHy mile^ did eaeL 
travel? 

;' Prob. 18. A gentleman bought two piecea of eloth, thefiner^ 
of which cost 4 shillings a yard more that) the other*. The 
finer piece cost £18; but the feoaraer one, which wa»2 yarda 
longer tb^n the finer, cost only j£16.; How many y?Ljr<^ wefre 
there iaeach piece > and what was^ the price of i^ yard pf eachi . 

y, Prob. 19. A merchant bought 54 gallons of Madeira wine, ' 
,' and a certain quantity of TenerifiTe. iPot the former he game 
half as many shillings by the gallon^ as there were gallons 
of Teneriffe, tind for the latter 4 shillings less by the gallon. 
He sold the mixture et 10 shillings by the gallon, and lost 
j628 i6«. by his bargain. Required the price of the Ma- 
deir^t and the number of gallons of Tenerifife. ^ 
. Prob. 20. If the equate of a certain number be taken frcmi 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product dirided by 
the number itself, the quotient will be 4. Whi^t is the number 1 

Prob. 21. A person being, asked his agCa replied, If you 
add the square root of it to half of it, and subtract 1%, the 
remainder will be nothing* What was his age % 

Prob. 22. Two casks of wine were purchased for ^ dol- 
lars, one of which contained 5 gallons more than the other, 
and the price by the gallon was 2 dollars less than ^ of the 
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numbex: of gallon v in the smaUfir cade. Required tbe nnm* 
ber of gallons in each, and the price by the gallon. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each-copper coin is worth as many cents 
as there are silver coins^ and the whole is worth 2 dollars 
and 16 cents. Jfow many are there of each 1 / 

Prob. 24. A person bought a certain number bf oxen for 
80 guineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen % 

Prob. 25. It is required to divide 24 into two such parts 
that their product shall be equal to 35 times their difference. 

Prob. 26. The sum of two numbers is 60, and their product 
is to the sum of their squares as 2 to 5. What are the num- 
bers t 

Prob. 27. Divide 146 into two such parts, that the differ- 
ence of their square roots may be 6. J^y -n/j- 

Prob. 28. What two numbers are those whose difference 
is 16, and their product 36 1 

Prob. 29. Find two numbers whose sum shall be 1^ and 
the sum of their reciprocals 3}. ^ ^/'^ ^ ' 

Prob. 30. Required to find two numbers whose difference 
is 15, and half of their product is equal to the cube of the 
less number \ 

Prob. 31. A company incurred a bill of je8 8s, One of 
them absconded before it was paid, and in consequence, those 
who remained had to pay 4s. a piece more than their just 
share. How many were there in the company 1 

Prob. 32. A gentleman bequeathed JG7 4s. to his grandchil- 
dren 5 but before the money was distributed two more were 
15 
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added to their number, and cohBeqaently: the former received 
one shilling a piece less than they otherwise would have 
done. How many grandchildren did he leaye 1 V 

Prob. 33. The length added to the breadth of a rec angu- 
lar room makes 42 feet, and the room contains 432 square 
feet. Required the length and breadth* / i . / 

Prob. 34. A says to B, >^th^ product of our years is 120 ; 
and if I were 3 years younger, «nd ^ou were 2.yeiBirs older, 
the product of our ages would still be. 120." How old was 
each 1 

Prob. 35. Should the square of a certain number be taken 
from 89, and the square root of their difference be increased 
by 12, and the sum multiplied by 4, and the product divided 
by the number itself, the quotient will be 16. What is the 
number ? 

Prob. 36. A mason laid 105 rods of wall, and on reflection 
found that if he had laid 2 rods less per day, he would have 
been 6 days longer in accomplishing the job. How many 
rods did he build per day \ 

Prob. 37. The length of a gentleman's garden exceeded 
its breadth by 5 rods. It cost him 3 dels, per rod to fence 
it ; and the whole number of dollars which the fence cost, 
was equal to the number of square rods in the garden. 
What were its length and breadth ? 

/ Prob. 38. What number is that, which being added to its 
square root will malfe 156 \ 

Prob. 39. The circumference of' a grass-plot is 48 yards, 
and its area is equal to 35 times the difference of its length 
and breadth. What are its length and breadth 1 

Prob. 40. A gentleman purchased a building lot, and in the 
centre of it, erected a house 54 feet long and 36 feet wide, 
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wkich covered just one half his land. This arrangement left } 
bim a flower border of uniform width all round his house. .. 
What was the width of his border, what the length and breadth 
of his }oty and how muchJand did he buy % 

Prob, 41. A general wished to arrange his army, which ^ 
consisted of 4dO^'inen, in a solid body, so that each ranlT '^ 
should exceed each file bv 59 men. How many must he 
place in/ank and file I - // , //j " . . /. ' ' y*H - 

Prob. 42. A man has a painting 18 inches long, and 12 
inches wide, which he orders the cabinet-maker to put into a 
frame of uniform width, and to have the area of the frame , 

equal to that of the painting. Of what width will the fratne be 1 J? - 

Prob. 43. A and B together invest $500 in business, of . 
which each put in a certain share. A's money continued in 
trade 5 months, B's only two months, and each received back 
$450 for his capital and profit« What share of the stock did 
each contribute 1 r^ . r» / /' ' 

y^ Prob. 44. A merchant sold a quantity of goods for J639, 
and gained as much per cent, as the goods cost him. How 
much did he pay for the goods 1 

Prob. 45. A farmer bought a flock of sheep for £60. Af- 
ter selecting 15 of th^ best, he sold the remainder for JC54, 
and gained thereby 2 shillings a head. How many sheep did 
he buy, and what was the price of each 1 \ - 

Prob. 46. A and B started from two cities 247 miles apart, 
and travelled the same road till they met. A's progress was 
1 m. per day less than B's, and the number of days before they met 
was greater by 3 than the number of miles B went per day. 
How many miles did e:>ch travel 1 ^ » 

Prob. 47. Two persons, A and B, invest $900 in business. 
A's money remained in trade 4 months, and he received $512 
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for his share of the pirofit and stock ; B's money was in trate 
7 months^ and he received $469 for his share of the profit 
and stock. What was each partner's stock % 

Prob. 48. A merchant hoaght a piece of cloth for $54 ; 
the number of shillings which he paid per yard was | of the 
number of yards. Required the length of the cloth, and the 
price per yard. 
/ Prob. 49. There was a cask containing ftO gallons of wine 1 
aquantity of this was drawn off and put into another cask of 
equal size, and then this last was filled with water ; and af- 
terwards the first cask was filled with the mixture from the 
second. It appears that if 6f gallons are now drawn froofi 
the firist and put into the second, there will be equal quanti- 
ties of wine in each cask. How much wine was first drawn 

offi /o: .,-. 
/ Prob. 50. A man bought 80 lbs. of pepper and 100 lbs. of 
ginger for $65, at such prices that he obtained 60 lbs. more 
of ginger for £20 than he did of pepper for JCIO. What did 
he pay per pound for each 1 




SECTION XI. 

TWO UNKNOWN QUANTITIES. 

275. In the examples given in the preceding sections, each 
problem has contained only one unknown quantity. Or if, in 
some instances, there hare been twoy they have been so re- 
lated to each other, that they have both been expressed by 
means of the same letter. 
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But cas^a fire^uently occor^ in which ttoo unlwoWD quan- 
tities are necessarily introduced into the same calculation. 
Suppose the following equations are given. 

1. x+y^U 

2. a?— y=2. 

If y be transposed in each, they will become 

1. afasli — y 

2. xz^2+y. 

Here the first member of each of the equations is 2r, and 
the second member of each is equal to x. But according to 
Axiom 7, quantities which are respectively equal to any 
other quantity, are equal to eacl^ other ; therefore, 
- 2-|-y=14 — y, and'y=6. 

By substituting the value of y in the 1st equation, (Art. 
159,) We have a?-f-6=:14j then ir=8. 

276. In solving the preceding problem, it will be observed 
that we first found the value of the unknown quantity x^ in 
each equation ; and then by making one of the expressions 
denoting the value of a?, equal to the other, (Axiom 7,) we 
formed a new equation, which contained only the other un- 
known quantity y. 

This process is called extermination or elimination. 
There are three methods of extermination, viz. by compa- 
rison, by substitution, and by addition and subtraction. 

EXTERMINATION B7 COMPARISON. 

277. Case I. To exterminate one or two unknown quanti- 
ties by comparison. 



Quest. — How are problems solved which contain two unknown quan- 
tities ? What is this process called 7 How many methods of extermina- 
tion ? Name them. 

15* 
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Find ikevaiue (^ &m of thfi unknoton quamUies in tach of 
the equaiionsy and form a new eqtMiion by making one ofthe9€ 
values equal to the other. 

Prob. 1. Given ar+y=36 > ^^ ^^j ^^^ ^^,^^ ^^ ^ ^^^ 
And J?— y«12 S ^ 

1. In the first equation, mJ^y^^^ 

2. In the second equation, x — ^y==12 

3. Transposing y in first equation, ^=36—-^ 

4. Transposing y in second equation, a?»12-f y 

5. Making 3d and 4*th equal, (Ax. 7,) Vi^y^^^-^y 

6. Transposing, &c., ys=12 
Substituting the value of y in the 4th, a?s 12-f 12aB24. 

P,ob.2. GireB2.+3y^28JTofi„dtheval«eofxandy. . 
And 3a:+2y=s=27) ^ 

' ' A -I ^ e rl^^'^i^^ I To find the value of x and y. 
And 5a?+2y=«56 > ^ 

Prob. 4. Given 4ap— 2y«16 ? m ^ j ^v , - * 

^ , ^ « f To find the value of x and y. 

And 6a?=9y ) ^ 

* ' , / "~ ^"^ I To find the value of x and y. 
And 4a?+2y=100 ) ^ 

Prob. 6. Given 5x+8=7y ? a, ^ , ., i 

A J i= «^ -, ( To find the value of x and y. 
And 5y-f-32=7a? ) "^ 

Prob. 7. To find two numbers such, that their sum shall 
be 24 J and the greater shall be equal to five times the less. 

Let 0;= the greater ; and y=s the less. , y **- J 

^ Prob. 8. To find one of tviro quantities, whose sum is equal * ^h' 

to A 5 and the diflference of whose squares is equal to </. '^ •=. ^ -" , ' 

Prob 9. Given «x+*y=A > ^^ ^^, _ ^ . „„T ^ ^i,[l 

And a?+y==:rf ) -^ ' ■/. ^<^ f " "y _ ~ 



Quest. — What is the rule to exterminate one of two unknown quanti* 
ties by comparison ? 
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. 978. When the value, of one of the unknown quantities is 
determined, the other may be easily obtained by substituting, 
in one of the previous equations, the value of the One found 
for the quantity iiself, (Art. 159.) 

The rule given above, may be generally applied for the 
extermination of unknown qu4ntities« But there are cases 
in which other methods will be found more expeditious. 
^ iProb. 10. Suppose Xs=hy 

And cfx-^bx=^ 

As in the first af these equations x is equal to Ay, we may 
in the second equation substitute this value of x for x itself< 
The second equation will then become, aAy-|-AAy=yS. '^ 

The equality of the two sides is not affected by this altera- 
tion, because we only change one quantity x for another 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. 

This process is called extermination by substitution. Hence, 

279. Cash II. To exterminate an unknown quantity by^ 
substitution. 

Find the value of one of the unknown quantities, in one of 
the equations ^ and then in the other equation, substitutb this 
value for the unknown quantity itself, (Art. 159.) 

Prob. 11. Given a?-f3y«:15 ) ^ ^ , , . , 

And 4<P-H>y«32 5 ^° ^°*^ ^^ ^^^"^ ""^ "^ "^^ ^^ 

Transposing 3y in the 1st equation, ^^15 — 3y. 

Substituting the value of x in the 2d equation, (Art. 159,) 
we have 60— 12y+5y=«32 

Then y=4 

And a?«15— 12«3. 



Quest. — AiUr the value of one unknown quantity 1$ found, how obtain 
the other ? What is the second method of extermination called 7 What is 
the rule? 
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Prob. 12, Giiren Sx+^^2 ^ ^o find the value of a? and y. 
And 24P-|-4y=lS J 

Prob. 13. Given to+8y=84 . ^o find the val. of x and y. 
And 4a?4.6yi=:68 J 

Prob- 14. Given 3x+3y=72 . ^^ g ^ ^^^^ ^ ^ ^^ ^ 
And 4ff+6y=n6 ) ^ 

Prob. 15. Givenia:+10y=124 ^T^g^^^j^^^^l ^f ^^ 
And 2ar+9y=124 5 ^ 

Prob. 16. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while; the ship sails 7. How fi&r will each sail 
before the privateer will overtake the ship % 

Prob. 17. The ages of two persons, A and B, are such that 
seven years ago, A was *three times as old as B ; and seven 
years hence, A will be twice as old as B. What is the age 
of each? ^^^^ c^s ^/ 

Prpb. 18. There are two numbers, of which the greater is 
to the less as 3 to 2^ and their sum is the 6th part of their 
product. What are the numbers 1 y -- y^" ^ ^ /^ 

280. There is a third method of exterminating an unknown 
quantity from an equation, which, in many cases, is preferable 
to either of the preceding. 

Prob. 19. Suppose that x-^^dy^^a 
And X — Syaoe^ 

If we add together the first members of these two equations, 
and also the second members, we shall have 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 54.) The equality of the sides is pre- 
served because we have only added equal quantities to equal 
quantities* 
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AgaiD^ BuppQjse 8:i9;fy^A 

And 2X'{-y:s:^ 

If we suhtrafit the l^st equation frotatfae first, w« shftUhave 

where y .is exterminated^ witkoot affeding the e^ualJtyof the 
isides. 

Again, suppose ,x — Sjfae^a 

ATid x-\4g^s^b 

Multiplying the 1st hy 2, 2^;— 4y»2a, 

Then adding the 2d and 3d, Zx^h-\-^. 

This process is called extermination by addition and sub- 
traction, tience, 

' 281. Case III. l^o exterminate an unknown quantity by 
addition and subtraction. 

Multiply or divide the equations^ if necessary^ in 9uch a man-^ 
ner that the term which contains one of the unknown quantities^ 
shall be the saihe in both equations. 

Then subtract ant equation from the other^ if the signs of this 
unknoun quantity are alikcy or add them together^ if the signs 
are unlike. 

N. B. It must be k^ in mind that both members of an 
equation are always to be increased or diminished alike, in 
order to preserve their equality. 

Prob. 20. GWen 2.+4pg | To find the value of x «.dy. 

1. Mult, the Ist equation by 2,, ^-\-Sy9^4rO 

2. The 2d equation is 4a?+5y«28 
Subtracting the 2d from the 1st, %»12 
Dividing, &;c. yas4 ; and irss2. 



Quest. — ^Whai is the third method of exterxDination ealled ? What is 
the rule ? ' What is the objeet of multiplying the equation by a certain 
quantity 7 How do you know when to add and when to subtract 7 
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Prob. 21. Given 2a?+y«16.> ^^^ ^^^ thevalue of ^ and y. 
And 3±— 3y«=6j . ' 

Prob- 2a- Given 4*+8y:-50 ) ^^ ^^^ ^j^^ ^^^^^ ^^ , ^^^ y. 
And 3«— 3y=. 6 J 

^.Prob. 23. Given ^+^y^f l To find the value of* and y. 
And 5«+4y=«68 > ' 

Prob. 24. Given 4^0==--4y ) ^^ ^^^ ^j^^ ^^j ^f , ^^ 
And 6«— 63«— 7y ) ' 

Prob. 25. The numbers of tWo opposing armies are such, 
that the sum of both is 21110 ; and twice the number in the 
grreater army, added to three times the number in the less, 
is 52219. What is the number in each itrmy 1 
' Prob. 26. A boy purchased 8 lemons and 4 oranges for ^6 
cents. He afterwards bought 3 lemons and 8 oranges for€0 
cents, what did he pay for each ? \^ 

Prob. 27. The sum of two numbers is 2^0, and if 3 times 
the less be taken from 4 times the greater, the remainder will 
be 180. What are the numbers ? 

282. In the soiutiou of the succeeding problems, either of 
the three rules for extermia^ing.unknown quantities may b€ 
used at pleasure. 

N. B. That quantity which is the l^ast involved ahotUd be the 
one chosen to be exterminated first. 

The pupil will find it a useful exercise to solve each ex- 
ample by each of the several methods, and carefnlly observe 
which is the most comprehensive, and the best adapted 
to difierent classes of problems. 

Prob. 28. The mast of a ship consists of two parts : one- 
third of the lower part added to one-sixth of the upper part, 
is equal to 28 feet \ aud five times the lower part, diminished 
by six times the upper part, is equal to 12 feet. What is thq 
height of the mast ? 
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Prob. 29. To find a fraction such tHat^ if a unit be'ad'ded to 
the BameratOr, the frection wiH be equal to ^ ; but if a unit 
be added to the denominatar, the fractidh will be equal to \. 

Let a?sB the numerator, And ^«s the denominator. 

1, By the first condition, ' ssj 

V 

fiy the second, -- — x*^ 

y+% 

3. Therefore Xs^*^ thie numerator. ) * 

/ 4. And y= 15, the denominator. ) 

Ni^_ Prob. 30. What two numbers are those, wliose difference 
/ is to their sum as 2 to 3 ; whose sum is to their product as 
3 to 51 

Prob. 31. To find two numbers such, that the product of 
their sum and difference shall be 5, and the product of the 
sum of their squares and the difierence of their squares shall 
be 65. X'^J ■ p^ 2^ 

Prob. 32. To find two numbers whose sum is 32^ and 
whose product is 240. 

Prob. 33. To find two numbers whose sum is 52, and the 
sum of their squares 1424. 

Prob. 34. A certain number consists of two digits or 
figures, the sum of which is 8. If 36 be added to^ the num- 
ber, the digits will be inverted. What is the number 1 „ 

Prob. 35. The united ages of A and B amount to a certain 
number of years consisting of two digits, the sum of which 
is 9. If 27 years be subtracted fiom the amount of their 
ages, the digits will be inverted. What is the sum of their 
ages? ^ " 

Prob. 36. A merchant having miiced a quantity of brandy 
and gin, found if he had^ put in 6 gallons more of each, the 
compound would have contained ^7 gallons of brandy for 
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^▼^y< S Pf giu ;. hut if be had p^t in ^ gaUoiis le^ of eaeh, 
the pfopo^ions woald hav^beea aa^^t^ 5. How num^ gal* 
loni* didjie mix of each? y. r >^ -^ - ^ (^ . , 

THREE UNKNOWN QtTANTITIES. 

283. In the preceding examples of two unknown quanti- 
ties, it will he perceived that the conditions of each problem 
have furnished two equations indepeadeBt of j&ach other. It 
often becomes necessary to introduce three or more unknown 
quantities into a calculation. In such ciCsea, if the problem 
admits of a determinate answer, there will always arise from 
the conditions as many equations iridependent of eiaeh other, 
as there are unknown quantities. 

284. Equations are. cfaiji to be independent when they ex- 
press different conditions. 

They are said to be dependent when they express the same 
conditions under different forms. The former are not con- 
vertible into each other ; but the latter may be changed from 
one form to the other. Thus 5— a?=±:y; and i&=siy-f i, are 
dependent equations^ because one is formed from the other' 
by merely transposing x. 

Obser. Equations are said to be identical wl^n they express the same 
thing in the same fono ; as 4v— 6=4x-^6. 

Prob. 37. Suppose ^4-y+2:= 12 -) ^ * c j ». 

rr ' ^~ ^ ^ f are given to find x, y 

And x+2y—2t^l0 I ^ und z. 
And «-fy — ir=4 . ) 

From these three equatioias, two others maybe derived 
which shall contain only two unknown quantities. One of tha 
three unknown quantities in the original equations r&ay be 

QvEST. — ^How many independent equations does a problem of three or 
more unknown fuantities furnish? What are independent equatioM? 
What are dependent ones ? Whatidentical ones 7 
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exterminated, in the same maimer as when there are at first 
only two, by the rules already gi^ea. 

in the equations given above, if we transpose y and 0, we 
shall have, 

In the first, »«b12— y— «. 
In the second, x«ssl0^2y-f-2«. 
Ih the third, x^m 4 — ^y-f «. 

From these we may deduce two new equations, from 
which X shall be excluded. ' 

By making the 1st and 2d equal, 12— y—*—. 10— 2y-|-2^. 

By making the 2d and 3d equal, 10— 2y+2ar=4— y+ar. 

Beducing the first of these two, y=»3;5'— 2. 

Kedttcinl^ the second, y=asz+6. 

From these two eqaations one may be derived containing 
tmly one unknown quantity. 
' Making one equal to the other, Sz — ^2^=2:4-6 
*' And, z=4t. Hence, 

285. To solve a problem containing three unknown quan- 
tities, and producing three independent equations. 

First, from the three equations deduce two^ containing only two 
unknown quantities* 

Then, from thesi two deduct one, containing only one unknown 
quantity. 

For making these reductions, the niles already given are 
sufficient. (Arts. 277, 279, 281.) 

Prob. 38. Given a?-f 5y+6ir=53 \ 

2. And ir-f 3y-f-32;=3a V To find rr, y and z. 

3. And x+y+z=12 S 

From these three equations to derive two, containing only 
two unknown quantities. 



Quest. — ^Rale for solving problems with three unknown quantities ? 
16 
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4. Subtract the 2d framthe 1st; 2y+82r=23, 

5. Subtract the 3d from the 2cl, fly^^z^iS. 
From these two, to derive one, 

6. Subtract the 5th from the 4th, z=5. 

To find a? and y, we have only 4o take their Talues from the 
third and fifth equations. (Art,4i78.) 

7. Reducing the fifth, y«:9— 2f*«±9— 5«=4. 

8. TransposfBg in the third, ap»12'— ar— ^y=sl2— ^5- — 4=s3. 
Prob. 39. Given x+y+z==:12 ) 

And a?-f 2y-J^3a5s=20 > To find ar, y and-^. 
And ^+iy+2r«:6 ) 

286. In many of the examples in the preceding sections, 
the processes given might have been shortened.: But the 
object has been to illustrate. gener:al principles, rather than 
to furnish specimens of expeditious solutions. The leiaraer 
will do well, as he passes along, to exercise bis skill in 
abridging the calculations which are here given, or aubsiittU" 
ing others in their stead. 

Prob. 40. Given a:-(-y==o j 

And a?-}jJ|^6V To find a?, y and jj. 
And y-f-2;=:C J 
Prob. 41. Three persons, A, B ana C, purchase a horse 

for 100 dollars, but neither is able to pay for the whole* The 

payment would require, 

The whole of A's money, together with half of B's ; or 
The whole of B's, with one third of C's j or , 
The whole of C's, with one fourth of A's. , 

How much money had each / ' 

287. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 



Quest. — How do you know which unknown quantity to exterminate 
first? 
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generally be best to begin with th^t wbich ismost free from 
cO'tfficientSy fractions^ radiml sigm, &c. 

Prob. 42. The sum of the distances which three persons, 
A, B and C, have trai^elled, is 62 miles ; A's ditstance is equal 
to 4 times C's, added to twice B's ; and twice A's added to 3 
times B's, is e^jpial to 17 times C's. What arc the respective 



distances 1 /^ 



J friv#»n i-r-L 



/ 



Prob.. 43.' Given ia?-f4y-fi2r=62 ^ 

And }ar-|-iy-fi*===*'7 [ To find x, y and z. 

And ix+iff+^z=^3s) 

Prob. 44. Given xy^600 j 

And xz=s:300 I To find a:, y and z. 

And yz^200S . r- 



FOUR UNKNOWN QUANTITIES. 

288. The same method which is employed for the reduc- 
tion of three equations, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 45. To find w^ ar, y and z^ from 

1. The equation Jy-{-2-[-iw=8 ' 

2. And a;+y+t^=9 p 

3- And :.4+^12 ^^^^^ equations. 

4. And ^ x-^-w-^-z^lO ^ 

5. Clear the 1st of frac. y+2z+w==U ] 

6. Subtract 2d from 3d, 2:— ^=3 [ Three equations. 

7. Subtract 4th from 3d, y^wz===2j 



Quest.— How are probleins solved containing fonr or &ye unknown 
qnantities ? 
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8. Adding^ 5th and «th, y+3««19 ) y^^ equations. 

9. Subtract 7th from 6th, —y+z^l) 

10. Adding 8th and 9th, 4««20. Orar—SI 

11, Transposing in the dth, ya=19— a8-:4 yQoaatities 
J 12. Tiffinsposing in ih© 3d, x^l%^j^zaetB required. 

13. Transposing iji the 2d', tf»a*fc9 — x^-^y^s^ j 
Prob. 46. Given w+ 50=:ic ' 
\ And x+nO^Sy ^ ^ , 

And y+120«.2^r^^^^«''^'»^^^^- 
And 2?4-195»:3w/ 
Answer. 10= 100 y=a=90 

=150 z==105. 

Prob. 47. There is a certain number consisting of two 
digits. The left hand digit is equal to three times the right 
hand digit 5 and if twelve be sabtracted, from the number 
itself, the remainder will be equal to the square of the left 
hand digit. What is the number '*. Q '^ 

Prob. 48. If a certain number be divided by the product of 
its two digits, the quotient will be 2 ; and if 27 be added to the 
number, the digits will be inverted. What is the number 1 

Prob. 49. There are two numbers, such, that if the Icissbe 
taken from 3 times the greater, the remainder will be 35 $ 
and if 4 times the greater be divided by 3 tipies the; less 4-I» 
the quotient will be equal to the less. \V^haV are the num- 
bers 1 ''^, • ) : 

Prob. 50. There is ^ c'iertain fraction, such, that if 3 be 
added to the numerator, the viilue of the fraction will be ^ ; 
but if 1 be subtracted from the denominator, the value will 
b^ |. What is the fraction 1 

Prob. 51. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be double that of the second horse ; but 
if the saddle be put on the setond horse, the value of both 
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will be less than that of the first horse by 13 guineas. What 
is the value of eaeh horse % 'j^ — /-/ /•1/7., . , *. * '^ -a ^ ^ 

Prob. 52. Divide the number 90 into 4 such parts, that the' 
first increased by 2, the second diminished by 2, the third mul- 
tiplied by 2, and the fourth divided by 2, shall all be equal. 

If a*, y and z, be three of the parts, the fourth will be 90 
— X — y — z. And by the conditions, &c. 

Prob. 53. Find three numbers, such that the first with ^ 
the sum of the second and third shall be 120 j the second with 
\ the difference of the third and first shall be 70 5 and ^ the 
sum of the three numbers shall be 95. )'o *-? ' ' '^ """ 

Prob. 54. What two numbers are those, whose difierence, 
sum and product, are as the numbers 2, 3 apd 5 ? «) cv \u 

Prob. 55. A vintner sold at one time, 20 dozen o^port 
wine, and 30 dozen of sherry ; and for the whole re<?eived 
120 guineas. At another time, he sold 30 dozen of port and 
25 dozen of sherry, at the same prices as before; and for the 
whole received 140 guineas. What was the price per dozen 
of each sort of wine 1) ^J r /^c r" '} v 2 ,' - - 

Prob. 56. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 18 
gallons more of each, he would have put into the mixture 8 
gallons of brandy for every 7. of water. But if he had mixed 
18 less of Qacfa, he would have put in 5 gallons of brandy for 
every 4 of water. How many gallons of each did he mix \ 

Prob. 57. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes \ \ but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f 1 

Prob. 58. A lad expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
16* 
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wards part« with half bis apples aod one third of his pears^ 
the cost of which was 13 cents. How many did be buy of 
eaehl 7? ^/ L ^ . 

289. If in the algebraic statement of the conditions of a 
problem, the original equations are more numerous than the 
unknown quantities \ these equations will either be contradic- 
tory^ or one or more of them will be iuperfiuous. 

Thus the equations 3x=60 > 

And ^^^\fiXi>coj^tT^Aicio>rf. 

For by the first a?==20, while by the secpnd, a?=40 
But if the latter equation be altered, so as to give to x the 
same value as in the former, it will be useless, in the state- 
ment of a problem. For nothing can be determined from the 
one, which cannot be from the other. 

Thus of the equations 3a?r=60 > 

And i«=10 \ """^ '^ Buperfluous. 

290. But if the number of independent equations produced 
from the conditions of a problem, is less than the number of 
unknown quantities, the subject is not sufficiently limited to 
admit of a definite answer. If for instance, in the equation 
(r+y=100, X and y are required, there may be fifty different 
answers. The values of x and y may be either 99 and 1, or 
98 and 2, or 97 and 3, Sec, For the sum of each pair of these 
numbers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then' 
be found from the equation already given. As a?-j-y=100, 
if j?£=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 



QuxsT.— When the equations are more numerous ^han the unknown 
quantities^ what is said of them 7 
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291. For the tsa&e of abridging th« ^Itttion of a problem, 
however, fbe tittmber of independent eqaations actually put 
upon paper is frequently less than the number oi unknown 
quantities* 

. Prob. 59. To find two numbers whose sum is 30, and the 
diSerence of their squares 120. 

292. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged by par- 
ticular artifices in substituting a single letter for several. 

Prob. 60. Suppose four numbers, tr, a?, y and z, are requir- 
ed, of which the sum of the first three is 13, the sum of the 
first two and last 17, the sum of the first and last two 18, the 
sura of the last three 21. 

Then 1. ti-Hr+y^l3 

2 u+x+z=n 

3 tt+y-|-2r=18 

4 a?+y+2=21. 

Let S be substituted for the sum of the four numbers, that 
is, for tt-i-ar-f-y+z. (Art. 159.) It will be seen that of these 
four equations, 

The first contains all the letters except z^that is S — 2rssl3 
The second contains all except y, that is, S^y^^ll 

The third contains all except x^ that is^ S — x=el8 

The fourth contains all except u, that is, S — 1^3=21 

Adding all these equations together, we have 
4 S— z— y— 0?— tt=69 
Or 4S— .(2;+y4.a;+w)==69. (Art. 67.) 
But S=(z+y +a?+ u) by substitution. 
Therefore, 4S— S=»r69, that is, 3S»69^ and Sa:23* 
Then putting 23 for S, in the four equations in which it is 
first introduced, we have 
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28— «=i3 ) 
23— y«17 
28-^3?= 18 
23— tt=21 } 



• Therefore 



;;»^23— 13»=10 
y=23— 17=±=6 
a?=s23--18=5 
I, ff«;23-21=2 



N. B. Contrivances of this sort for facilitating the solution 
of particular problems, must he left to be furnished for the 
occasion by the teacher and the ingenuity of the learner. 
They are of a nature not to be taught by a system of rules. 



SECTION XII 

EATIO AND PROPORTION. 

Art. 293. The design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater^ 
or less than those which are the objects of inquiry. This 
end is most commonly attained by means of a series of equo' 
tions and proportions. When we make use of equations, we 
determine the quantity sought, by discovering its equality 
with some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, bat 
either greater or less. 

294. Unequal quantities msy be compared with each other ia 
two ways. 



Quest. — What is the design of mathematieal investigations 7 How is 
this end commonly attained ? In equations how is the value of the nn- 
known quantity determined 7 In how many ways are unequal quantities 
compared 7 What are they ? 
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FiM^ We may iaqnare kow mach tme of the qtianthiies n 
greater than the other : or, 

Second^ We may inquire how many times one quantity con- 
tains the other. 

295; The rddtion which is found to exist between the two 
qifaotities compared, is called the ratio of the two quantitieis. 

Ratio is of iwo kinds^ driihmetical and geomeiricaL It 
is also sometimes called, ratio by subtraction, and raiio by 
division. • 

296. Arithmetical ratio is the difference betwem ^wo 
quantities ot sets of quantilhs; The quantities themselves 
are called the terms of the ratio, that is, the terms between 
which the ratio exkrts. Thus 2 is the arithmetical ratio of 5 
to 3. This is sometimes expressed, by placing two points 
between the quantities thus, 5 •• 3, which is the same as 5 — 3. 
Indeed the term arithmetical ratio, and its notation by points, 
are almost needless, and are seldom used. For the one is 
only a substitute for the word difference and the other for 
the sign — . 

297. If both the terms of an arithmetical ratio be multifiied 
or divided by the same quantity, the ratio w411, in effect, be 
multiplied or divided by that quantity. 

Thus if ^ a-^b—r 

Then multiply both sides by A, (Ax. 3,) har^hb^^hr 

And dividing by A, (Ax. 4,) -■ — j=-« 

h h h 

298. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 



Quest. — What is ratio ? Of how many kinds is it ? What are they 
called ? What is' arithmetical ratio ? What are the quantities themfielves 
called ? If both the terms are multiplied, or divided, by the same quantity, 
how is the ratio affected ? If the terms of one ratio aire added to the cor- 
responding terms of another, how is the ratio affected 7 
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of their som or diiereace w^ be equal to the sum or differ- 
ence of the two ratios. 

If A ^ 

* > are the two ratios, 
And o — h 3 

Then {a+dy(b+h)={a—b)r{-{d^h). For each =za+d^^h. 
And (a— (i)-(5-.A)=(a-^)-{<i— A). For each =a-^-6.fA, 
Thus the arithmetical ratio of 11 .. 4« is 7, 
And the arithmetical ratio of 5 •• 2 is 3. 
The ratio of the st^m of the terms 16 ••6 is 10, which is 
also the sam of the ratios 7 and 3. 

The ratio of the difference of the terms 6 •• 2 is 4, whioh 
is also the difference of the ratios 7 and 3. 

299. Geometeical ratio is that relaiion between quantities 
which' is expressed by the quotient o/* the one divided by the 
other. 

Thus the ratio of 8 to 4, is f or 2. For this is the quotient 
of 8 divided hy 4. In other words, it shows how often 4 is 
contained in 8. So a:b expresses the ratio of a to b. 

300. The two quantities compared, are called a couplet. 
The first term is the antecedent, and the lasty the consequejit, 

301. Geometeical eatio is expressed in ttoo ways. 

First, In the form of a fraction, making the antecedent the 
numerator, and the consequent the denominator i thus the 

ratio of a to 6 is _. And 
b 

Second, By placing a colon between the quantities com- 
pared ; thus, a : b expresses the ratio of aXob, 

Obser, The Freach mathematicians put the antecedent tot the de* 
nominator; an^ the consequent for the numerator. Some American 



Quest,— What is geometrical ratio ? What la a couplet 7 The ante- 
cedent ? The consequent ? In how many ways is geometrical ratio ex- 
pressed 7 The first 7 Second 7 What is the French mode 7 What are 
the coDifMiratiye advantages of the English and French methods 7 
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au^rs have foHowed their exmaple. It is belieted however ^at the 
Eqglish method, which is adopted in the larger work, us most in accmrd* 
ance with reason ; while the French mode pny perhaps have some advan- 
tage in practice. 

302. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

Let asss the antecedent, css the consequent, r=: the ratio. 

By definition r=: ~ ; that isj the ratio iis equal to the ante-* 

cedent divided by the consequent. 

Multiplying by c, a:^crj that is, the antecedent is equal to 
the consequent multiplied into the ratio. 

Dividing by r, Cs5= -7 that is, the consequent is equal to 

the antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must be equaL (Buc. 
r. 5.) 

Cor. 2. If in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the antecedents 
are equal. (Euclid 9. 5.) 

303. If the two quantities compared are equals the ratio is 
a unit, or a ratio of equality. The ratio of 3 x 6 : 18 is a unit, 
for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 

Quest. — When the antecedent and consequent are given, how is the 
ratio found 7 When the consequent and ratio are given, how find the 
antecedent ? When the antecedent and ratio are given, how find the con- 
sequent ? What is the first corollary ? The second ? If the tWo quanti- 
ties compared are equal, what is the ratio 7 If the antecedent is the 
largest, what is the ratio ? What called ? 
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Thus the ratio of 18 : 6 jb a. (Art. 104, €or.) This is ealled 
a ratio of gnaier inequality. 

Ofi the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a unit, and is called a ratio of 
less inequality. Thus the ratio of 2:3, is less than a unit» 
because the dividend is less than the divisor. 

305. Invebsb or recifkocal rdio is the ratio of the reci- 
procalsoffwaqtiantitifis. (Art. $5^.), 

Thas the reciprocal ratio of 6 to 3, is ^ to ^, that is ^H-^. 

The direct ratio of a to b is .) that is, the antecedent divid- 



ed by the consequent. 

The reciprocal ratio is - : -, or, _ -r- - == _ x - = - ; 
a b a , b * a 1 a 

that is, the consequent 5 divided by the antecedent a. 

Hence a reciprocal ratio is expressed by inverting ihefrac^ 
tion which expresses the direct ratio ; or when the notation 
is by points, by inverting the order of the terms. 

Thus a is to 6 inversely, as bio a, 

306. Compound ratio is the ratio of the products of the cot' 
responding terms of two or more simple ratios , 

Thus the ratio of 6 : 3, is 2 

And the ratio of 12 : 4j, is 3 

The ratio comfpoundisd of these is 72 : 12=6 

Here the compound ratio is obtained by multiplying to- 
gether the two antecedents, and also the two consequents, 
of the simple ratios* Hence it is equal to the product of the 
simple ratios. 



Quest.— If the consequent is the largest, what is the ratio ? What 
called ? What is inverse ratio ? How expressed ? What is compoond 
ratio 7 Does it differ from other ratio in its nature ? 
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Compound ratio is not different in its ^aiurekota any other 
ratio. The term is used to denote the orig^in of the ratio in 
particular cajses* 

307. If in a series of ratios the consequent of «aeb. pre- 
ceding couplety is the antecedent of the following one, . the 
ratio of the fir d antecedent to the last consequent^ is equal to 
that which is compounded ofcUl the intervening ratios, (Eu- 
clid 5th B.) 

Thus, in the series of ratios aih 

b:c 
Old 
d:h 
the ratio of a : A, is equal to that which is compounded of the 
ratios of a: 6, of 6: c, of c:d, of d:h. For the compound 

ratio hy the last article is — tt^t ot aih, (Art. 117.) 

bcdh h 

308. A particular class of compound ratios is produced, hy 
multiplying a simple ratio into itself or into another equal 
ratio. These are termed duplicate^ triplicate^ quadruplicate^ 
&:c., according to the number of multiplications. 

A ratio compounded of ^t^^o equal ratios, that is, the square 
of the simple ratio, is caUed ei duplicate ratio. 

One compound of three^ that is, the cube of the simple 
ratio, is called triplicate^ Sec. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a $ubduplicate ratio ; that of the cvhe 
roots a subtriplicate ratio, &;c. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate ratio of a to 5, is a^ : h^ 

Quest. — ^What is it equal to ? When the consequent of each preceding 
couplet is the antecedent of the next, what is the ratio of the first antecedent 
to the last consequent equal to ? What is a duplicate ratio 7 Triplicate ? 
Subduplicate ? Subtriplicate 7 
17 
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The tHplieHle nttio of a to 6, is a^ : ift* 

The subdiq>lieate ratio of o to ft, is ^a \y/h 

The subtriplicate ratio of a to ft, is ^ a : ^ 5, &c. 
' N. B. The terms dupticatBy iriplicate^ &c., must not be con- 
founded with double, triple, i&c. 

The ratio of 6 to 2 is 6:2=3 

Double this ratio, that is, twice the ratio, is 12 : 2=6 

Triple the ratio^ i. e. three times the ratio, is 18 : 2=9 

The duplicate yatio, i. e^ the square of the ratio, is 6^ : 2^= 9 
The triplicate ratio, i. e. the cube of the ratio, is 6^ : 2^=27 

309. That quantities may have a ratio to each other, it is 
necessary that they should, be so far of the same raeUure, that 
one can properly be said to be eithei; equal to^ or greater., or 
less than the other. Thus a foot has a ratio to an inch, for 
one is twelve time^ as great as the other. 

310. From the mode of expressing geometrical ratios in 
the form of & fraction, (Art. 301,) it is obvious that the ratio 
of two quantities is the same as the value of a fraction whose 
numerator and denominator are equal to the antecedent and 
consequent of the given ratio. Hence, 

311. To multiply, or divide both, the antecedent and conse^. 
quent by the same quantity, does not alter the ratio. (Art. 112.) 
To multiply, or divide the antecedent alone by any quantity^ 
multiplies or divides the ratio ; to multiply the consequent 

' alone, divides the ratio ; and to divide the consequent, multi- 
plies the ratio. (Arts. 132, 135.) That is, multiplying and 
dividing the antecedent or consequent, . has the same effect 
on the ratio, as a similar operation, performed on the nume- 
rator or denominator, has upon the value of a fraction. 



QvEst. — ^What effect does it have on the ratio to multiply or divide both 
the antecedent and the consequent by the same quantity ? To multiply or 
divide the antecedent only ? The consequent only 7 
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312. If to or from ihe terms of any, e&n^letf i^ otker quan- 
tities having the same ratio be added or subtracted^ th&sums or 
femainders mil also have the same raHo. (Euelid 5 and 6» 5.) 
Thus the ratio of 12:3 is the same as. that of 20.i5. And 
^ei ratio of the sum pi Xh& antecedents 12^20 to the sum of 
the consequents 3-|.5, is the same, as the ratio of either cou- 
plet. That is, 

,124.20:3+5::12:3=20:4, orl^±^=^=??=4. 
y-^ ^ s 3+5 3 5 

^ So also the rc^io of the difference of the antecedenis^ to the 

difference of the consequents^ is the same. Xhat is^ 

20—12:5— 3::12:3=20:5, or ??Z:^=1?=:??=4. 

' 5—3 3 5 

313. If in several couplets the ratios are equal, the sum of 
e^ljhe amecedents has the same ratio to the: sum tf all the conse- 
quents^ which any one, of the x antecedents has to its consequent, 
(Euclid 1 and 2. 5.) 

r 12:6=2 

10:5=2 

8:4=2 

6:3=2 

Therefore the ratio of (12+lb-{.84-6);(6-f5+4-f 3)=2. 

EXAMPLES FOR PRACTICE. 

1. Which is the greater, the ratio of 11:9, or that of 
1^:351 

2. Whicl 
2a+7:^a1 



Thus the ratio 



44:351 

2. Which is the greater, the ratio of a-f-3:^, or that of 
x-4-7:4a1 



Quest. — ^When you add or subtract the.teims of two couplets haying 
the same ratio, What is the ratio of their sum or difference ? In several 
couplets of equal ratios, what ratio has the suib of all the. antecedents to 
the sum of all the consequents ? 
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3. If tbe ttfiteec^dent of a couplet be 65, a&d the iratio 13, 
what is the consequenti 

it* If the conseqaent of a couplet be 7, ai^ the ratio 18, 
vrh$t is the antecedent 1 

v5^ What is the ratio eompoimded of the ratk>s of 3:7, and 
2«:5fr, and 7a?+l:3y— 2^1 

6. What is the ratio compounded of x-\-y : b, and it — y : a^by 
anda-}.6:Af 

7. If the ratios of 5a?-|-7:2a? — 3, and a?+2:^a?4-3 be com- 
pounded, will thejr produce a ratio of greater inequality, or 
of less inequality 1 

8. What is the ratio compounded o{ x-^-yiay and x-^yib^ 

a 

9. What is the ratio compounded of 7 : 5, and the duplicate 
ratio of 4 : 9, and the triplicate ratio of 3 : 2 1 

10. What is the ratio compounded of 3:7, and the tripli- 
cate ratio of x:y, and the subduplicate ratio of 49 : 9 1 

PROPOETION. 

315« Proportion is an eqiiaiiiy of ratios. It is divided into 
two kinds : •Arithmetical and GeometricaL 

Arithmetical proportion is an equality of arithmetical ra- 
tios, and geometrical proportion is an equality of geometrical 
ratios. Thus the numbers 6, 4, 10, 8, are in arithmetical 
proportion, because the difference between 6 and 4 is the 
Same as the difference between 10 and 8. And the numbers 
6, 2, 12, 4, are in geometriccd proportion, because the quotient 
of 6 divided by 2, is the same as the quotient of 12 divided 
by 4. 



Qi7S8T.-^-*Jiiniat 10 proportioa? Of bow naaxf kinds is it? VnaX i» 
arithmetical proportion f Geometrical proportion ? 
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31^» Care must be takem not to eoiifoi»d proportion with 
ratio. This caution is the more neceMSTy/as in oommon 
discoarse, the two terms are used indiscriminately, or rather, 
proportion is used for both. The expenses of one man are 
said to bear a greater propiertion to his income^ than those of 
another. But according io the definition which has just been 
giv^n, one froporUon is neither greater nor less than another. 
For equalihf does net admit of degrees. One ratio may be 
greater or less than another. The ratiokof 12:12 is greater 
than that of 6 : 2, an^ Jeeethan that of 20 : 2. But these dif^ 
(erences are not appUeaUe to ^oporrton, when the' term iS' 
used in its techmeal sense. . The loose sigmfication which- is 
so frequently attached to this, word, may be proper enough 
in familiar language ; for it is sabctibned by general usage.' 
But for scienti^c purposes, the distinction, between prt^jtortion 
and ratio should be clearly drawn, and eautiously observed. 

• 317. .Proportion may be expressed, either by the common 
aign of equality, or by four, points between the two couplets. 

■ Th < 8 - 6=4 •• 2, or 8 •• 6 : : 4 -2 ) are atithttaetical 
Co.. b=o^ d^ or fl •• 6 : : <5 •• d r proportions. 
Ad W2:63=s8: 4, or 12 : 6 : : 8 : 4 ) are geometrical 
\ a : h=:d : A, or axb ii dvk\ proportions. 

* The latter is read, * the ratio of a to h equals the ratio of 
d to A ;' or more concisely, ' a is to 6 as d to A.' * 

318. The first and last terms are called the extremes, and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. .Analogous terms, 
idre the antecedent and consequent of the same couplet. 



QxTEST. — ^What is the difference between ratio and proportion 7 In 
how many ways.iB plroilottioQ. expressed;? How is the latter read? 
Which are the^ oitiiemes ? Which the means ? What are ^lomologous 
terms ? What analogous terms 7 
17* 
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Sia* ^9. Ih« rtfljpft are. eqiwl, it id maiaifestty immaterial 
i^hicjb of tike Iwq coufdiels i^ placed fif at. 

If a:6::c:rf,theiic:rf::fl:5. For if ?=^ then ^=1 

. b a d b 

320. The iiu»6er «f tmrms in ar^fop>ortiofi nniftt be at least 
f^r. For the eqaaUty ia:betweea the raitioa 6(tufo cotipleis ; 
and.eaek «!cmpiet imwt hayeaa antecedent and a eonsecjoent. 
There^ may be a propertiQs, however, mmongthree qnaniitiei. 
For one of thequanlitiea aoay be f9f0ai$d\ eo as to form tw6 
termaT In this ease the quahtity repeated is called the mii^ 
die Urm^ or a meam pvoportifimU between the two other quan- 
tities, eiqpecially if the proportion is geometrical. 

Thns the numbers'8, 4, 2, are preportionai. That is, 
8 : 4 : : 4 : 2. Here 4 is bo^ the consequent in the first 
couplet, and the antecedent in the last. It is therefore a 
mean proportional between 8 and % 

The last term is Cf^lled 9Lthird praporiiontd to the two other 
quantities. Thas 2 is a. third proportional to 8 and 4. 

921. Inverse or reciprocal proportion is an equality be- 
tween a direct r^tio and a reciprocal ratio. 

Thus 4:2: :i:il that is, 4 is to 2 r^jprecoli^, as 3 to 6. 
Sometimes also, the order of the terms in one of the coup* 
lets is inverted, without writing them in the form of n frac- 
tion. (Art., 305.) 

^rThus 4 : 2 : : 3 : 6 inversely. In this case, the firsi term is 
to the second^ as the fourth to the third; that is, the first divid* 
ed by the second, is equal to the fourth divided by the third. 

322. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 



QusBT. — Which eoui^et must be placed lint ? How many terms mast 
there be 7 Csa there be a proportion with three'qiumtities ? What Is die 
middle term called ? The last term? What is inverse proportion 7 
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tli6 third to the foardi, Jec, a»e o/^ e^tco/ ; ih» quaiilitiet ar« 
said to be in cottiinued proportiqn. The consequent of eaeh 
preeediE^ ratio is then the antecedent of the following one* 
. N. B. Continued proportion is alto called /irogretnon. 

323. In the preceding articles of this section, the general 
properties of ratio and jNPoponson have been defined and il- 
lustrated. It now remains to consider the ptinciplea which 
are peculiar to each kind of prcqportion, and attend to their 
practical application in the solution of problems. / ' , 




SECTION XIII. 



ARITHMETICAL PROPORTION iMD P R G E E 8 SI>0 N . 



Art. 324. If /ot^r quantities are in arithmetical proportion, 
the sum of the extremes is equtd to the sum of the means. 
Thus if a •• 6 : : A •• 1^, then a-{-in8»ft-|>A 

For by supposition, n — b «sA — m 

And transposing — b and — m, a^taiB^^A. 

So in the proportion, 12 • Ao : : 11 •• 9, we have 124>9»>10^1 1. 
, 325. Again if thru quantities are in arithmetical propor- 
tion, the sum of the extremes is equal to double the mean. 
If a •• 6 : : 6 •• c, then, o — ^sk^-^-c 

And transposing — 6. and — c, a-(-c«B26. 

326. Quantities, which increase by a common diiSerenee^ 
as 2, 4, 6j 8, 10, &;c. j or deCfeasehy a common difference, as 



QussT, — ^When four quantities are in arithmetical proportio&y what is 
the sum of the extremes equal to? When there are but three terms in the 
proportion, what is the sum of the extremes equal to 1 What is continued 
arithmetical proportion? 



1&^- lO; 99:6, ^,'^.^ taerin eomimued arkkmetiial profortum. 
(Art. 322*) . ' 

.Such iB, series is also called, an oriikmeiical progression / 
and sometimes prognssion hy difference, 01 equidifferent te- 
riea* .. ' - ^ . . 

> dQ,li When the qtiuntHiemincr^aBBy tbey-form what is qall-i 
ed aaofceiuitti^ series, as'3, 5^'7) 9^ ll,i&e. 
-> Whea iheydeer£as^ thef foK|xi a ■(fmaidMg' seni^s^ vs 11, 
9, 7, 5, 3, &©.• . •. ■-: 1.. ».- .'••.•i-- 

The natural numbers, 1, 2, 3^ 4, 5, 6, &c., are in arithmeti- 
cal progression ascending. 

328. From the definition it is evident that in an ascending 
series, each succeeding term is found, by adding the common 
difference to the preoedtn^ term. '•' 

If the first term, is 3, and the common difierence 2 ; 

The series is 3, 5, 7, 9, 11, 13, &;c. 

If the first term is a, and the common difiei^^^^ d i 
Then a-j-d is the second term, a-|-c?+(/==a4^2i the t^ird, 

aJ^2d-^d=^a+3d the 4th, a+3d+d=r^a+id the 5th, &;c* 

lit M 3d 4tb 5ib 

And the series is a, a+d^ «+2rf, a-^-Sd, a^^ &c. 
If the first term and the common difierence ate the same^ 
Uke series becomes more Simple. Thus if a is the fiitst term, 
and .also the common di€erence, and n the number 6( terms, 
Then a4-ct=2<i, is the second term, 
2a-f-a=3flf, the third, &c. 

And the series is a, 2a, 3(», 4a, na. 

829. Ia a descending series, each succeeding term is found 
by subtracting the common difference from the preceding term. 



Quest.— What ^e is this series called? When the series increases, 
•what .is it called ? "^hen it decreases, what ? , How is each successive 
tenn found in an ascending series 7 How in a descending series 7 
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..IT a i» the-£r9t tetsm^andd the eommon di&Tenee, the se- 

Ist 8d 3d 4th Stb 

ries is A, a — (f, a — 2(1, a — 3i, a— 4J, &c. 

In this mannef we may obtain any term by continued ad- 
dition or subtraction. But in a long series, tkk proeess 
would become tedious. There is a method much more ex- 
peditious. By attending to the series, 

IM ad 3d 4(b 9th 

a, o-f-rf, a+2(/, a+3rf, a+M&c->' 
it will be seen that the number of times d is added to a, is 
om lesg than the number of the term. Thus, 

The second term is a-f^9 ^' ^* "^ added to once d ; 
The third is a<-|*^, a added to twice d-; 

The;^ttftA isa4-3^, a added to thrice d; Sec, 

So if the series be eontimied, 

The 50th term will be a+4t9d, 

The 100th term a+99d 

If the series be deacendingy the 100th term will be a — 99(f . 
In the last term, the number of times d is added to a, is 
em less than the number of all the terms. If then 
<f=the common difference, a=the first term, trrrthe last, 
»=the number of terms, we shall have in all cases, 

-y^^ " 2r=<i±(n — 1) X d 5 that is, 

330. (1.) To find the last term of an ascending series, 

^dd to the first term the product of thf common difference into 
the number of terms less one^ and the sum will.be iha last tetm* 

(2.) To find the last term of a descending series. 

From the first term subtract the product of the common dif- 
ference into the number of terms Jess one^ and the remainder 
will be the last term. 



QuEST.—How is the last term of an ascending series fbund ? How the 
last of a descending series ? 
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' . N. 6. AnsF othet terra >may b^ foand in the same Way. 
For the series may be made to stop at any term, and that 
may be considjpred, for the tirne^ as the last* 

Thus the. ^th term=«=b(i» — 1) xd. 

* Prob. 1. If the first term of an ascending series is 7, the 
common difierence 3, and the number of terms 9, what is the 
last term 1 Aps, z^a+(n'^l)d^l-^(9~l) x 3=31. 

Prob. 2. If the' first term of a descending series is 60, the 
common difiereiiee 5, andth^ number of terms 12, what is the 
last term! Ans. 2f=a^(7i— 1)J=60— (12— I) x 5=s5. 

Prob. 3. If the first term of an As^endjog series be 9, and 
the common difiference i^,, what will the .5th term be 1 ' ^ 
Ans. 2;=a+(w— l)xrf=*:9+(5— l)x4=25.' 

331. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the sum of all the terms. This is c^led the summation 
of the series. , The most obvious mode of obtaining the 
amount of the terms, is to add them together. But the na^ 
ture of progression will furnish us with a more, expeditious 
method. 

Let us take, for instance, the series 3, 5, 7, 9, 11, 
And also the same inverted, 11, 9, 7, 5, 3, 

The sums of the terms will be, 14., 14, 14, 14, 14. 
Take also the series, a a+rf, o+2rf, a+3d, o4-4rf 

And the same inverted, a+M (^4-3rf, a+Hd, o+rf, a 



The sums will be, 2o-f-4(i, 2a+4^, 2a+4ci, 2fl-|-4rf, 2a+4d 
Hence, it will be perceived that the sum of cdl the terms 
in the double series, is equal to the sum of the extremes 
repeated as many times as there are terms. Thus, 

The sum of 14, 14, 14, 14 and 14=14x5. 
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And the sum of the terms in the other ddnhle series is 

But this is twice the Bum of the terms in- the smgie series. 
If then we put 

a=s:the first term, n=sthe number of terms, 

2;=the last, s=the sum of the terms, 

we shall have this equation, «=^LiL. x n. Hence, 

332. To find the sum of all the terms in an arithmetical 
progression. 

Mtdtiply half the sum of the extremes into the number of 
terms, and the product will be the sum of the given series. 

Prob. 4. What is the sum of the natural series of numbers 
1, 2, 3, 4, 5, &c., up to 1000 % 

Ans. 5==fi±fxn«i±l^X 1000=500500. 
2 2 , ' 

333. The two formulas, «:—azb(n— l)d, (Art. 329,) and 
^=s=£IE£ xn, (Art. 331,) contain five different quantities; viz. 

a, ihe first term ; d, the common difference ; n, the number of 
terms ; z, ihe last term ; and s, the sum of all the terms. 

From these two formulas others may be deduced by which, 
if any three of the jive quantities are given, the remaining two. 
may easily be found. The most useful of these formulas are 
the following. 

By the first formula, 

1. The last term^ ZsBa±:{n — l)(i, in which a, n and d are 
given* 



Quest. — ^How is the 8tu& of all the terms found 7 When the first term, 
the common difference, and the nnmber of terms are given, how is the last 
term found ? 
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Transposing (ii^-*l)dl» 
% Thtfirit term^ o«zdz(n — l)c/, z, it and d being gWen. 
Transposing a in the Isf, and dividing by : 



3. The common difference; das^Z^, a, z and n being given. 

n— 1 

Transposing and dividing, 

4. rA€ ntii»6er of terms, iis=flZ^a.l, o^ 2; and d being given* 

o 

By the second fomula, 

5. J%e sum of the ttrmSj s^ss^Lsl. x n, a, 2 and n being given. 

Or by substituting for z its value, 
^aaJizi^IIiiz X n, in which a, n and rf are given. 

Reducing the preceding equation, 

6. The first term, a=zfZ:^-Jt— ^ #, tf and n being given. 

7. TA« common difference, Jss — ^ , s, a and n being given* 

/ 8.TA«n«».Jer(,/<em,«=:i^^3^=:??±^.«,dand 
« being given. 



QuEST).— When the last term, the common difference, and the niunber 
of terms are given, how find the first term ? When the first, and last, and 
the number of terms are given, how find the common difference ? When 
tl^e first aod last terms, and the common difference are given, how find the 
number of terms ? When the first, and last, and the number of terras are 
given, how find the sum of all the terms ? When the sum, difference, and 
number of terms are given, how find the first term 7 When the first term, 
the sum, and the nnmbei; of terms are given, how find the common dlfisr- 
ence 7 When the first term^ the common difference, and the sum of the 
terms are given, how find the number of terms 7 
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Obaer. . A ranety of pther fotmulu mtty be deduced from the preeeding 
equations, the investigation of which will afford the student a pleasing and 
profitable exercise. 

334. By the third formula, e. g. may be fqund any number 
of arithmeticval means, between two given numbers. For the 
whole number of terms consists of the two extremes and all 
the intermediate terms. If then m= number of means, 
m-f 2=71, the whole number of terms. Substituting m-\-2 
for n in the third equation, we have, 

z—a 
The common difference, c?— j^juji' in which a, z and m are 

given. 

/Prob. 5. Find 6 arithmetical means, between 1 and 43. 
. ( The common difference is 6, 

( The series, 1, 7, 13, 19, 25, 31, 37,43. 

335. It is obvious from the illustration in Art. 331, that 
the sUfn of the extremes^ in an arithmetical progression, is equal 
to the sum of any other two terms equally (Hslant from the 
extremes. Thus, in the series 3, 5, 7, 9, 11, the sum of the 
first and last terms, of the first but one and last but one, &c., 
is the same in each case, viz. 14. The same is true of 
every series. 

Prob. 6. If the first term of an increasing arithmetical 
series is 3, the common difference 2, and the number of terms 
20 ; what is the sum of the series 1 

Prob. 7. If 100 stones are placed in a straight line, at the 
distance of a yard from each other; how far must a person 
travel, to bring them one by one to a box placed at the dis- 
tance of a yard from the first stone 1 " 

QvEST. — How find any number of arithmetical means between two given 
numbers ? In a series of arithmetical progression^ what is the sum of the 
extremes equal to ? 

18 
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Prob. 8. What is the Bum of 150 terms of the series 

? 3' '' ? 3'^' I'*''''' 
Prob. 9. If the sam of an arithmetical series is 1455, thef 
least term 5, and the number of terms 30 ; what is the com* 
mon differenceT 

Prob. 10. If the sum of an arithmetical series is 567, the 
first term 7, and the common difference 2 ; what is the num- 
ber of terms 1 

Prob. 11. What is the sum of 32 terms of the series 
1, li, 2, 2i,3,&c.1 

Prob. 12. A gentleman bought 47 books, and gave 10 cents 
for the first, 30 cents for the second, 50 cents for the third, 
&c. What did he give for the whole % 

Prob. 13* A person put into a charity box, a cent the first 
day of the year, two cents the second day, three cents the 
third day, &c., to the end of the year. What was the whole 
sum for 365 days % 

Prob. 14. How many strokes does a common clock strike 
in 24 hours 1 

Prob. 15. The clocks of Venice go on to 24 o'clock ; how 
many strokes do they strike in a dayl 

Prob. 16. Eequired the sum of the odd numbers 1, 3, 5, 7, 
9, &c. continued to 101 terms. 

Prob. 17. Required the 365th term of the series of even 
numbers 2, 4, 6, 8, 10, 12, &c. 

Prob. 18. The first term of a series is 4, the common dififer- 
ence 3, and the number of terms 100 ; what is the last terml 

/ Prob. 19. A man puts $ 1 at interest at 6 per cent, i what 
will be the amount in 40 years 1 
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Prob. 20. The extremes of a series are 2 and 29 ] and the 
number of terras is ten. What is the common difference 1 o^ 

Prob. 21. The extremes ojT a series are 3 and 39, and the 
common difference 2. What is the number of terms 1 / ^ 

Prob. 22- Find 5 means between 6 and 48. ^ 

Prob. 23. Find 6 means between 8 and 36. r . — " 

336. Problems of various kinds, in arithmetical progres- 
sion, may be solved by stating the conditions algebraically, 
and then reducing the equations. Thus, 

Prob. 24. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864i. ^ 
If iVzss the second of the four numbers, 
And yss their common difference : 

The series will be jc— y, «, af-f-y *^^ ^+2y. 
By the conditions, (ar— y)-fa?-f (ic-f y)-|-(a?-f-2y)=56 
And (a?— y)2+a?*+(a?+y)2+(«+2y)3=864. 

That is, 4a;-f 2y«=56 

And 4x24.4a;y+6y2=864 ; 

Reducing these equations, we have a:= 12, and y=s4. 
The numbers required, therefore, are 8, 12, 16 and 20. 

Prob. 25. The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their cubes is 153. What are 
the numbers? / . }^ i"*^ 

Prob. 26. The sum of three numbers in arithmetical pro- 
gression is 15, and the sum of the squares of the two ex- 
tremes is 58. What are the numbers 1 } W ) 

J / I / ; 

^ Prob. 27. There are four numbers in arithmetical progres- 
/ sion : the sum of the squares of the first two is 34 ; and the 
sum of the squares of the. last two is 130. What are the 
numbers % ^ > ' , ■■ 



y 



/,- 
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j^rob. 28. A certain namber consbts c^ three digits, wbich j 

are ia arithmetical progressioa^ and the nu|hber divided by 
the sum of its digits is equal to 26 ; but if 198 be added to 
it, the digits will be inverted. What is the number 1 

Let the digits be equal to x — y, Xj and a?-}-y, respectively. 
Then the number=100(ar-y)-f-10a?-j-(ir4.y)=llla;-99y, &c. 

Prob. 29. The sum of the squares of the extremes of four ? — 
numbers in arithmetical progression is 200 ; and the sum of ^ — 
the squares of the means is 136. What are the numbers 1 /-> — 

Prob. 30. There are four numbers in arithmetical progres- 
sion whose sum is 28, and their continued product is 585. 
What are the numbers % ^ / . . ^^ ,j 

/ ' / ^ 




SECTION XIV. 

GEOMETRICAL PROPORTION AND PROGRESSION. 

Art. 337. If four quantities are in geometrical proportion^ 
the product of the extremes is equal to the product of the 
means. Thus, 

12 : 8 : : 15 : 10 ; therefore 12 x 10=8 x 15. Hence, 

338. Any factor may be transferred from one of the means 
to the other, or from one extreme to the other, without af- 
fecting the proportion. 

Thus i[ aimb::x:y, then a : 6 : : mx : y ; for the product of 
the means in both cases is the same. 

So if na:b::x:y, then aib::x: ny. 

JQUEST. — If four quantities are in geometrical proportion, what is the 
product of the extremes equal to ? 
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339. On the other hand, if the prodact of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion if they are so arranged^ that these on one 
side of the equation shall constitute the means, and those on 
the other side the extremes. Thus since 6 x 12=8 X 9, then 
6:8:: 9: 12. (Art. 158.) 

Cor. The same must be true of any factors which form 
the two ddes of an equation. Thus if 

(a-j-6) X c=:(d — w) xy, then a-f-6 : d — m : : y i c. 
. 34«0. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 320.) It is 
therefore to be multiplied into itself, that is, it is to be squared. 
Thus, 4 : 6 : : 6 : 9 5 therefore 4x9=6 x 6, 
If a: b : : b : c, then mult, extremes and means, ac=li^. 
Hence, a mean proportional between two quantities may- 
be found by extracting the square root of their product. 

If a : a? : : 0? : c, then oi^^^ac, and a?s=y/ ac, (Art. 249.) 
341. It follows, from Art. 338, that in proportion, either 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. If a : 6 : : c : rf, then ad=bc. 

2. Dividing by rf, a=ftc-^rf. 

3. Dividing the first by c, b=zad^c. , 

4. Dividing it by 6, c^s^ad-^b. 

5. Dividing it by a, c^ss6c~a. 

Quest. — ^How is an equation put into a proportion 7 If three quantities 
are in proportion, what is the product of extremes equal to 7 How is a 
mean proportional between two quantities found 7 When the means and 
one extreme are given, how find the other extreme 7 When the extremes 
and one of the means are given, how fud the other 7 
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That b, ikB fourth term ia equal to tbe product of the second 
and third divided by Ihe first. 

N. B. On tliis priAciple i& founded the rule of simple pro- 
portion iihftrithmetic, comitnonly called the ^*Rnk of Three." 
Three numbers are given to find a fourth, which ia obtained 
by multiplying together the second and third, and dividing 
by the forst, 

342. The propositions respecting the products of the means 
and of the extremes, furttish a very simple and convenient 
criterion fox determining whether any four quantities are pro- 
portional. We have only to multiply the means te^^ther^ 
and also the extremes; If the products are equal, the quan- 
tities are proportional. If the products are not equal, the 
quantities are not proportional. 

343. It is evident that the terms of a proportion may un- 
dergo any ch&nge ^hich^'wiW not destroy the equality of the 
ratios / or which will leave the product of the meon^ equal to 
the product of the extremes. These changes are numerotis^ 
but they may be reduced to a few general principles. 

s f' 

Case I. Changes in the order of the terms. 

344. If four quantities are proportional, the order of the 
means, or of the extremes, or of th£ terms of both couplets, may 
be inverted without destroying the proportion. 

Thus if a : 6 : : c : 6/, and 12 : 8 : : 6 : 4, then, 

1. Inverting the means,* \ V V V "^ I '^\^"' '' ^'^ '^^ ^^ 
^ ' M2:6::8:4 )asthe2dtothe4th. 

Quest. — ^What rule is founded on this principle ? How can you tell 
whether four quantities are' proportional ? What alterations can be made 
in the terms of a proportion ? When the means are inverted, what is it 
called? When the terms of each couplet are inverted, what? If the 
terms of only one couplet areinv«rted, what is the effect on the propor« 
tion? 

* This is called altemalion. (Euclid 16. 5.) 
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the 4th is to the 2d 
as the 3d to the 1st. 



2. Inverting the extremes, M •*•'•• ^ • « ] 

3. Inverting the terms of ib: o : : rf : c > the 2d is to the 1st 
e^^ch couplet,^ ? 8 : 12 : : 4- : 6 ^ as the 4ih to the 3d. 

4. We may change the order of the two couplets, (Art. 
319.) 

Cor. The order of the iohoU proportion may be inverted. 
N. B. If the terms of only one of the couplets are inverted, 
the proportion becomes reciprocal. (Art. 321.) 
l( a: b::c:d\ then a is to 6 reciprocally, as d to c. 

GiSB n. Multiplying or dicing by the same quantity, 

345. If four quantities are proportional, the two analogous 
or two homologous terms may be multiplied or divided by the 
same quantity, without destroying the proportion. Thus, 

If a : 6 : : c : d, then, if analogous terms are multiplied, or 
divided, the ratios will not be altered. (Art. 31 1.) 

1, ma: mb:ic: d. 2. a: b: : mc: md, 

3. !i:t::c:d. '4. a:^::— : — . 

mm mm 

If homologous terms be multiplied or divided, both ratios 
will be equally increased or diminished. 

b, ma : b : : mc : dl 6. aimbiic: md, 

7. f:ft::£:rf. 8. a:*::c:i. 

mm mm 

Cor. All the terms may be multiplied, or divided by the 

same quantity. Thus ma:mb::mc: md^ or -:_::.:.. 

mm mm 



Quest. — If two analogous terms are multiplied or divided by the same 
quantity, what is the effect 7 If two homologous terms are multiplied or 
divided, whdtt ? 

* This is technically called invtrsion. 
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Case III. Comparing one proportion with another. 

346. If two ratios are respectively equal to a third^ they are 
equal to each other. ^(Euclid 11. 5.) 

This is nothing more than the 7th axiom applied to ratios. 

1. If«:^---»»:»?thena:,&::c:d;ora:c::*:rf. (Art.344..) 
And cdiimmj 

^'^['"'^'''^'''lih^^aibiicid.oxaiciihid. 
And miniic I dj 

Cor.Ifa:i::«:a>j^^^^.j^^.^ (Euclid 13. 5.) 
min^cx (f ) 

For if the ratio of m : n is gpreater than that of c : J, it is 
manifest that the ratio of a : 6, which is equal to that oi mm^ 
is also greater than that o{ c : d, 

N. B. In these instances, the terms which are alike in the 
two proportions are the ^rs^ two and the last two, and the re- 
sulting proportion is uniformly direct. But this arrange- 
ment is not essential. The order of the terms may Jbe 
changed, in various ways, without affecting the equality of 
the ratios. (Art. 344.) 

The proposition to which these instances of equality he- 
long, is usually cited hy the words, "ea; cjtto,'' or "ea: 
cequali:' (Euclid 22. 5.) 

347. Any numheir of proportions may he compared, in the 
same manner, if the first two or the last two terms in each 
preceding proportion, are the same with the first two or the 
last two in the following one. 

Thus if aibiicid ' 
And cidiihil 
• And h:l::m:n\^^^'"'''^''-''-y' 
And mini: x'.y 

Quest. — When two ratios are each equal to a third, how are Ihey to 
each other 7 How is this proposition cited in geometry ? When may any 
nninber of proportionB be compared in this manner ? 
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That is, the first two terms of the first proportion have the 
same ratio as the last two terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

34>8. But if the two means, or the two extremes, in one 
proportion, be the same, with the means, or the extremes, in 
another, the four remaining terms will be reciprocally propor^ 
Honed. 

If «:«»::«--M thena:c::Uora:c::d:ft. 
And cimimidS ^ ^ 

For ahj=Mn > .^^^ 33^. Therefore ah^cd, and a:c::d:6. 
And cds^mn ) 

In this example, the two means in one proportion are like 
those in the other. But the principle will be the same, if the 
extremes are alike, or if the extremes in one proportion are 
like the means in the other. 

\f "» = «"*/» Jthen«:c::d:6. 
And m: ending 



O' >/«'*••»=* |then«:c::rf:A. 
And m: c::d:n) 



The proposition in geometry which applies to this case, is 
usually cited by the words '^ ez mquo perturbaieJ** (Euc. 23. 5.) 

Case IV. Mdition and Subtraction of equal ratios. 

349. If to w from two analogous or tuH) homologous terms 
of a proportion^ two other quantities having the same ratio 
be added or subtracted^ the proportion will be preserved. 
(Euclid 2. 5.) 



Quest. — If the two means or two extremes in one proportion be the same 
as the means or extremes in another, how are the remaining terms ? How 
is this proposition cited in geometry 1 When two analogous or homologous 
terms are added to or subtracted from two other quantities having the 1 
ratio, how is the proportion ? 
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For a ratio is not altered, by adding to it, or 4»ubtraeting^ 
from it, the terms of another equal ratio. (Art. 312.)' 
Ifa:^::<::c^ and a:b::m:n, ^ 

Then by adding to, or subtracting from a and ft, the terms 
of the equal ratio w : », we have, 

a-\-m:b+n::c:di and a — m:b — n::c:d. 
And by adding and subtracting m and n, to and from c and 
d, we have, 

a:b::c-[-m:d+n, and a:b::c — m:d — n. 
Here the addition and subtraction are to and from analo- 
gous terms. But by alternation, (Art. 344,) these terms will 
become komologousy a6d we shall have, 

a-^-mictib+nzd, and a — m':c::b — n:d. 
Cor. 1. This addition may evidently be extended to any 
number of equal ratios. (Euclid 2. 5. cor.) 



then a : 3 : : c+A-|-m-j-« : J^f-Z-j-n-f-y. 



[ then a-^m :b:: c-\-n :d, (Eu. 24. 5.) 

'^^'^^hen \ a+m:c+n::b:d 
ib:d } c or a-\-m :b:: c-\^n : d. 

350. Hence, if two analogous or homologous terms be add- 
ed to, or subtracted from tAe two others, iht proportion will be 
preserved. 

Thus, if a:6::c:rf,and 12:4::6:2, then, 

1. Adding the last two terras, to the first two. 

a+c:i+(/::a:ft 12+6: 4-f2::12:4 

anda+c:ft+</::c:(/ 12+6:4-1-2:: 6:2 

or fl+c :«::&+</: ft 12+6: 12:: 4+. 2:4 

anda-|-c:c::ft-f-<^:(i 12+6: 6:144- 2:2. 



Thus if aibix 


m\n 




X'.yl 


Cor. 2. If aibiicid 


And mihiinid 


For by alternatioi 
And 


\a:ci 
mm: 
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2. Mding the two aiUecedents to the two consequents, 
a+b:b::c+d:d 12+4: 4::64.2: 2 

• a+5:a::c+rf:c, &c, 12+4:12: : 64-2: 6, &c. • 
This is called composition, (Euclid 18. 5.) 

3. Subtracting the first two terms from the last two. 
c — a : a : : d-^b : b, or c^-a : c : : «? — ^ : rf, &c. 

4. Subtracting the /(«< two terms from the first two. 
a: — c :b — d: :a:bj or a — c : b — d ::c:dy &c. 

5. Subtracting the consequents from the antecedents, 
a — b^i b : : c — d:dy or a : a — ft : : cic — rf, &c. 

. The alteration expressed by the last of these forms is 
called conversion, 

6. Subtracting the antecedents from the consequents, 
b — a ',a:\ d — c ic^ox bib—aiidx d-^-c^ &c. 

7. Adding and subtracting, a+ft : a — b : : c+<f : c — d. 
That is, the sum of the first two terms, is to their differ- 
ence, as the sum of the last two, to their difference. 

Cor. If any compound quantities, arranged as in the pre- 
ceding examples, are proportional, the simple quantities of 
which they are compounded are proportional also. 

Thus, if o+ft : ft : : c+ J : d^ then aibiicxd. This is called 
division. (Euclid 17. 5.) /^ ^ 

Case V. Compounding Proportions, 

3bl, Jf the corresponding terms of two or more ranks of 
proportional quantities be multiplied together^ the products will 
be proportional. 



Quest. — ^What is eomposition ? Conversion 7 Division ? If the cor- 
responding terms of two or more ranks of proportionals are multiplied to- 
gether, how will the product be 7 
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"This process is called compounding proportions. It is the 
same as compounding ratios. It should be distttigaished from 
what is called composition^ which is an addition of the terms 
of a ratio. _ (Art. 35a, 2.) 

If aibiicid .12:4::6:2 

And h:l:im:n 10:5::8:4 



Then ahibl:: cm :dn 120:20 ::48:8 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratiosy (Art. 311,) that is, multiplying^ equals by equals^ 
(Ax. 3 ;) so that the ratios will still he equals and therefore 
the four products must be proportional. 

The same proof is applicable to any number of proportions. 

aibi: c id 
If { hilximin \ then ahp iblqi: cmx : dny. 
piqiixiyj 

From this it is evident that if the terras of a proportion be 
multiplied, each into itself^ that is, if they be raised to any 
power^ they will still be proportional. (Art. 308.) 
If a:b::c:d 2:4::6:12 

a:b:ic:d 2:4::6:12 



Then a^ib^iic^id^ 4 : 16 : : 36 : 144 

Proportionals will also be obtained, by reversing thi» pro- 
cess, that is, by extracting the roots of the terms* 
If a : ft: : c : (/, then -y/ai^b : i-^/c ly/d. 
For taking the products of ihe extremes and means, ad^c. 
And extracting the root of both sides, Va^= Vbc 
That is, (Arts. 210.a, 339,) ^a : ^b : : y^c : y/d. 

Quest. — What is meant by compounding proportions 7 What is the dif- 
ference between compounding proportions and composition ? If several 
quantities are proportional, how are like powers or roots of them ? 
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Case VI. Involution and Evolution (fikturmk. 

352. If several qaantities are proportional, their like pow^ 
era or like roots are proportional. 

If a:6::c:<2, ... 
Then a":ft*::c»:J*, and ^a:^ ft::^c:y rf. 

' M * m m III 

. Asx4 Va"::V4r:>: Vc*:Vrf% tibat is, a»;fr*':ic*:i^», 
, .39f3.. If the terin» in 4)ne rank of pv<^portronala Be divided 
by the correa^ndtiig^ terms in another raak^ the-quotieiitis 
will b^^proportionsL 

' This tsiMMnetimes oalled tlie resoUuion of ratios. 
If a:b:ic:d 12:6:118:9 

And hil:im:n 6:2:: 9:3 

Then?:^::f:^ 1?:«::1?:?. 

h I m n , 6 2 9 3 

.'Thisjs merdEy x^emrnng the process in Art. 351, andniay 
be demonstrated in a similar manner. 

N. B. This should be distinguished from what geometers 
call division^ which is a subtraeiion of the terms of a- ratio. 
(Art. 350, 7.) 

' 354. When proportions are compounded by multiplication, 
it will often be the case that the same factor will be found in 
two analogous or two. homologous terms. . 
Thus if a:5::c: J 
And fn:a::n:c 



am:ab::cn:cd. 
Here a is in the first two terms, and e in the last two. 
Dividing by these, (Art. 345,) the proportion becomes 
m:b::ntd, Hence^ 



QvxsT. — WhtLt is meant by the rciolution of ratios ? 
19 
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355. .fa fttflpjKmnAitig pB^^wWftfuatfactorsi'QT divisors 
in two analogous or homologous terms, may be rejected* 
/a:i::c:rf 12:4::9:3 

If) b:h::d:l' 4:8::3:6 

(himi'.lm «t^0::6:15 



Thep a:Q»:;c:n 12:30::9:15 

This tiile may bib^apjiKe^tothe casds,'tb Which the t^tms 

O&eof the.niethbdsnifty «ei7etoTerifyrtii^:otiywn' •'• >* 

356. When four quantities are proportuoaiyirfke.;/^ be' 
greater thaa the*««coiid[, the (Mi^-wSl hsr^gnmux than l9ie 

fourth ; if equal^ n^^:T K less, less. ♦.,,.. ^ . , ;[ 

Suppose ariiscidjiheiif ] «>^ <?><?: :" v ' 
" '' ( a<bfi:<:d. ^ ■ 

'M7» If iotU*.({filintiti)e9'«x«, pibpnovtioiiftl^ ifoAt teeiprocdls 
are proportional ; and v.^Trf.^ .^ ^ ;- . »t 

Ifa:^::(j;rf,tb«ai:i::i:i. , ; . , ', ; 

abed 

For in e^ch of^ those proppjtions, we haye^ by roductj^o, 

PROBLEMS IKiar90liBT^»0;4L^PfidPOB;V«01«* «> . : 

Prob. 1. Divide the number. 49, iivto two, «uch parts, that 
the greater increased by 6, may be to the less diminished by 

11 as 9 to 2. ' ' :• • ^ 



Quest. — In compoundins^|»rop<|]^ioq^ vh^i tfmjhe done with equal fac- 
tors or divisors 1 When four quantities are proportional, if the first is 
greater than the Second, how is the third ? If equal ? If less ? If four 
quantities a|:ie ^^Mportiohiil, how a^* their reeiproeals f 
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^ . Let jBss.lbe'greiilcpr^. : and 49^^:;:r the kss. 
By ihe o6nditiohs proposed, w-\-B : 38 — a? : : 9 : 5i 

Adding terms, (Art. 350, 2,) a?-j-6 : 44 : : 9 : 1 1 

Dividing the conseqaents^ (Art. 345, 8J . . a?-|-6:4:;9:l 
^Multiplying the extremes and means, x-{-6=:^3Q. Ai^d/CzsdO. 

Proh. 3. Whf^ iduodher is tlmt, to wUcii if 1, 5 and 13, be 
seirerally addedi the first sum shaU be to the $eeond^ as the 
secKmd. to the tbirdl ^ X '^^^ y : ^ . ,4)' : li 
1 tf^ Frob. 3. Find two oumbers, the greater of which shall be 
/I to the less, as their sum to 42; and as their difference to 6. \ 

Prob. 4*. Divide .the Aumber 16 into two such .parte, that 3^ 
the squares of. those parta may be in the rado o£ 25 to 16. fo % V^ 
' Prob. 5. Divide thfe number 14 into two such parts, that ^ 
the quotient of the greater divided by the less, shall be to the 
quotient df the lieis divided t>y the greater as 16 to 9. ^' v ^ 
^ VProb. 6. If thetidmber 20 he divided into two parts, which 
"^are to each other in ^e dupHcutt ratio of 3 td 1, what num- 
^ ber is a mean prdportiond betwefen those parts 1 o ' " 

Prob. 7. There ar6 two numbers whose product is 24, and 
thediflerenceof their cubes, is to the' cube of their difierence 
as 19 to I. What a^e the nnmbefsl I, <. [^ 

Prob. 8. There are twp numbers in the propbrtion of 5 : 6 ; 
the first being increased by 4 and the last by 6, the propor- 
ttoh #iH be aa 4 :6J What i*e tSie mmibei^s 1 ?^ %'2it 

'Prob. 9. A fkrmer Hasr a qiiatiiity of ifcom in his gtanary, 
and sells a certain number of busheld, which is to the numbei^ 
6f bushels remaining ^s 4r5. He then feeds out 15 bushels, 
which is to the number sold as 1:2. How many bushels had 
hie at first, -and how many did he selH *.''*' ,/ ^, ' / 

Prob. 10. There are two numbers whose product is^l35, 
and the dififerenecf of their jM^uares, is to the square of their 
difference as 4 to 1. What are the. numbers? J(,-^<^ n 
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Prob. 11. What two liumbeis are^tbo^e, wfaose diference, 
sum,; and product, are as tbe numbers 2» 3 and 5^ .respec- 
tively! 
)(j Prob. 12. Divide the number 24 into two such parts, that 
(■ their product shall be to the sum of their squares as 3 to 10. 

Prob. 13. In a mixture of rum and brandy, the di^rence 
between the quantities of each, is to the quantity of brandy 
aa 100 is to the number of gaiknas of rum ; and the saaae 
difference is to the quantity of rum, as 4 to the number 
ttf gallons of brandy. How many gallons are there of 
eachl \ ^^,^ /6'"' 

Prob. li^ There vre two numbers^ which are to each other 
as 3 to 2. If 6 be added to the greater and subtracted from 
the less, the sum and remainder will be to each other as 3 
to 1. What are the numbers \ ZIl^ t^ 

Prob. 15. There are two numbers whose product is 320 j 
and the difference pf. their cubes, is to the cube of their dif- 
ference as 61 to 1. What are the numbers! J^ h^t) 

Prob. 16. There are two numbers, which are to each o^r^ 
in the duplicate ratio of 4 to 3; and 24 is a mean propor- 
tional between them. What are the numbers % y) ^ J g^ 

CONTINUED, GEOMEtKIGAL PROPORTION OR 
PROGRESSION. 

358. When all the ratios of a series of inropqrtionals are 
equal, the quantities are said to be in continued proporiianot 
progression. (Art. 322.) 

As arithmetical proportion continued is arithmetical pre* 
gression, so geometrical proportion continued is geometrical 
progression. It is sometimes called progression by quotient. 



QtTEST. — What is continued getmietdcal proportion ? What Mso is it 
ealled? 
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, The numbers 64, 9S,1^ 8j 4, tae in continued geometrical 
proportton* (Actk dSS2i) 

In this, series, if ekeh preceding term be divided by the 
common ratio, the quotient will be the following term. Thns, 
y«32, and y=16, and V^«8, andf^4.. 
If the order oi th^ seried be inverted, lihe prbportion will 
still be preserved, (Art. 344 ;) and the common divisor will 
becoihe a muHipHer; lA ihe serietr^, 8, 16, 32, 64, Set 
4x2*=«, and'Sx^'^ie, and 16 x2«32, &c. 

359. Quantities then ure in geometrical progression^ when 
they iMreaSe hy ac^mfn^ midtipliery or decrease by a common 
divisor, • \ 

• This cdtnmon multiplier or divisor is called the ratio. 'Fir 
most purposes, however, it will be more simple to consider 
the ratio as' always il muliiplier, either integral or fractional. 
In the series 64, 32, 16, 8, 4, the ratio is either 2 considered 
as a divisor, or ^ con^dered as* a multiplii^r. 

360. When several quantities are in continited proportion, 
the number of eoupiets^^tid of course the number of ratios^ is 
owe iessthvLii the number of quantities. Thus the five pro- 
portional quantities a, b, e, dy e, fbrm four couplets cofnta[lning 
four ratios ; unti the ratio of a : e is equal to the tatib of a*: 6*, 
that is, the ratio of the fourth power of the first quantity, to 
the fouftb power of the second: Hence, 

361. If ^^M^ quantities are proportional, /Ae^r*/ is to the 
thvrdy OB tk% square of the first to' the square of the second; or 
M the square of the second, to the square of the third. In 
efthet words, the first has to the tbird, a duplicate ratio of the 
fiM to the second. And conversely, if the first of the three 

, QtjEST.— When are ^uaxitities said to be in geoiaetr^cal progressioa 7 
What is the common multiplier or divisor, called? In a series of contiatted 
proportion, how many couplets and ratios are there? When there «ra 
three proportionals what ratio has the first to the thiidl ■■• •- ' 

19* 
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quantities is to the third, as the square of the first to ihe 
square of the second, the three quantities on proportieuoi. 
. U a;biih:c^ thea« :c::^^:i?. And universally, 

362. If uveral quantities are in continued propof tioQ, the 
ratio of the^r^r to the last is equal to one of the i^itervening 
ratios raised to a power whose iBd0x is one less than the 
Bumher of quantities. 

If there are four proportionals a, b^ p, d, then a:d: :a^;^. 
If there aiejive d^b^ c, rf, « ; u: e: ui^ : 6*, &c. 

363. If several quantities are in continued proportion, tkey 
will be pf oportiouial when the order of the whole is invertetL 
This has already been proved with respect to four jpfopor^ 
tional quantities. (Art. 344, cor.) It may be extended to 
any number of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are, 2, 2, 2, 2, 

Between the same inverted^ 4, 8, 16, 32, 64, 

The ratios are^ ^, i,.i, ^^ 

So if the order of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. Fpr by the inversion each antecedent becomes a con* 
sequent, and v, v* but the ratio of a consequent to its ante^. 
cedent is th.e reciprocal of the ratio of tbq antecedent to the 
consequent. (Art. 305.) That the reciprocals of equal quan«» 
titiea are themselves equal, is evident from Ax. 4* 
. 364« To investigate the properties of geometrical progrres*. 
sion, we may take nearly the same course, as in arithmetical 
progression, observing to substitute continual muiiiplic^iiof^ 
and cUviHon^ instead of addition and subtjoietion* It is evi^ 
dent, in the first place, that, 

QtrssT. — ^Wh€ii several quantities are in contfnued proportion, what 
vatio has the first to the last 9 If the series is inverted, what efiect hat 
ii ? How are the ratios in one series, eompared with those of another, 
when the order is iaveited f 
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B65. In an ascendrng geametrioal sidries, each sacceeding 
term ia found, by multiplying the roHo into the preceding, 
term. . • * 

If the.first term is a^ and the ratio r, 
Then a-|-r==ar, the seitoad term, orxfaeor^, the- third, 
tir^r;{Jrv:^ifr^^ the jQpiir^,; ar« xr«aor*, Uie fifth, &c. • 

And the series is a, ar^ ar^, ar^^ ar^y ar^y &c. 

366. If the first term and the ratio: axe the aame^ the pro- 
gression is simply a seiisr of {k>winr8. 

If the first term and ratio are each equiU to r, 
Then r x r=s::r\ the second term, r^ x r=r^, the third, 
r^Xr=r^y the fourth, r* xr=r^ tl^e fifth. 

And the series is r, r^, r^, r*, r*, r«, &c. 

367. In a descending series, each sacceeding term is foand 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is ar^, and the ratio r, 

The s«(;ond term is .^-^ or ar^x^^ar^^ 
r 

And the series is ar^, ar^^ ar^, ar^^ ar\ ar, a, &c. 

If the first term is a, and the ratio r, 

The series is a, -, -^ — > &c., or a, Atr-^ ar^^ &c. 

Ut 9d 84. 4th' ftb M 

368. By attending to the series a, ar, ar', ar^, ar*, ar*, 
&c., it will be seen that, in each term, the exponent of the 
power of the ratio, is one less than the nntnber of the term. 

If then as$x the first term, r=£the ratio, 

z=s: tbiQ last, , »=: the nu9iber of terms ; 

we have the equation z=ar""^, the last term, that is, 



Quest.— In an. ascending geometrical series how is each succeeding 
term foatid 7 When the first term and ratios are the same, what is the 
progression 7 How is each term found in a deseeading ieriei f 
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S6d« In gieom^rieal psogreMaon, ihe hot Urm is tqual to 
. tkt ^oduct of. the first inio that power of the ratio whose index 
is one less than thenumber of terms. 

When the last term, aad the ratio ai^e the same, the equa- 
tion beeomee «=:rr*-^:wr^ (Art 366*) 

STQ- Of tbe Ibiir q«aiitities <r, z; r and n, any three being 
given, the othec may be foiind. 

1. By the lastartide, 

z=ar*~^=ss die last term, 

2. Dividing by r*-'^, - 

— --=az:z the first tern. 

3. Dividing the tst by a, and extracting the root, 
::r=:therarto* 



[ir 



371. By the last equation may be found any number of 
geometrical means, between two given numbers. If 91= the 
number of means,- m^^:^n, the whole number of terms. 
Substituting m-f 2, for n, in the equation, we have 



(=)""- 



r, the ratio. 



When the ratio is found, the means are obtained by con- 
tinued multiplication. 

' Prob. 1. Find two geometrical meana between 4 and 256. 
Ans. The ratio is 4»> and the series is 4, 16, 64, 256. 
w Prob. 2. Find ^hree geometrical means between \ and &• 

372. The next thing to be attended to, is the rule for find- 
ing the sum of all the terms. 



. Qui^T,T^Wluit is^the last term equal to ? Wliat 10 the first term tqaal 
to? HowfiadtheimlijQ? . . , 
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If any terniy in a geom/^xittl series^ be miikiplied by the 
latiOj tbe piroduct will be the auceeading term/ (Art. 365.) 
Of courseiJf eocA of tbe ternui be multtplied.by. the mtio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
aeries. To n^ake this plain, let^ the new aeries be written uit*> 
der the other, in such a manner, that each term shall be re- 
moved one step to the right of that from which it is pro- 
duced in the line above. 

Take, for instance, the series, 2,^, 8, l^j 32 

Multiplying each term by the ratio, 4, 8,' 16, 32, 64 

>Here it will be^s^en at once, that the last four terknsin the 
upper line are the same, as tkie first four. in. the lower line. 
The only terms which are not in both, are the^«^ of tbe one 
aeries, and the last of, the other. So that when we subtract 
the one series from the other, all the terms except the^e two 
will disappear, by balancing each other. 

. If the given series is, a, ar^ ar^, ar^^ .... ar*-"^. 
Then mult, by r, we have ar, ar^, ar^j ..... ar""^, ar*. 

Now let 5as the sum of the terms. 

Then, ^=sa-f or-f-ar^-j-ar'*, .... 4-ar>»-*, 

And mult, by r, rs=* ar-^-ar^-^ar^y • . , , -j-ar»-^-f^r». 

Subt. the first equation from the second, rs — s^szar* — a 

And dividing by (r— 1,) (Art. 98,) ^^g»-"— « 

r — 1 

In this equation, ar" is the last term in the new series, and 

is therefore the product of the ratio into the last term in the 

given series* 

Therefore, ya»^^~^, that ia, 



/ / / 
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873. To find tke sum of a geomelrieal sefiee. 
MuUifly the lut tifrminto ike rdioyfromihe pYodnciMiitrMi 
the. first termy and divide tht remainder by the ratio lea (me. 

Ohser. From the above formula, in connexion ^th the oi\e in Art«d68, 
there may be the same Yariety of other fbrmnlfts deduced as in Art. 339.' 
The Atherty ]fo««ver, inrolte prineiples vith which, it is presumedy the 
paf il ii max yet acqoaihted. 

Prob 3. If in a series of numbers in geometrical progres* 
sion, the first term is 6, the last term 1458, and the ratio 3, 
what i» the sum, of all the terms I 

. Ana. t:^g=g=^3.x;^^^^^18^/ 
r— 1 3—1 

Ft ob. 4. If the first term of a decTeaaing geometrical se- 
ries Id "^9 the ratio ^, and tlM number of terms 5, what is the 
sum of Ae series 1. - 1 /- 

Pipob. 5. What is tke sum of the series, 1, 3, 9, 27, &c., to 
Id'fermsl >• iCr^ -to 

Prob. 6. What is the sum of ten terms of the series 1, f, 

Prob. 7. If the first term of a series is 2, the ratio 2, and 
the number of terms 13, what is the last tierml ^ / '/ Z^ 

Prob. 8. What.i^ ^h^ ^^b teioi of a sevies^the first term 
of which is 3, and the ratio 31 J ' 
^ Prob. 9. A miiii bought a horse, agreeing to give 1 cent 
for the first nail in his shoes, tbree for the second, and so 
on. The shoes contained 32 nails; what was the cost of the 
horse 1 

374«. Quantities in geometrical progression are proportional 
to their differences. 



QnssT.— How is the sum of a geometrical series found ? If quantities 
are in geometrical progression, how are they to their differences 7 How 
are their differences to each other 7 



i 
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Let the series be a^ «r, ar*, «r^ or*, &:c. 
' By the nature of geometrical progtessioD^ 

aiar::ar:ar^::ar^:ar^:zar^l ixr*^ dec. 
An each couplet let the anteoedent he sahtracted from the 
consequent, according to Art. 350, 6; 
. Then atari: (ir — a ; or *— ^r : : tr^-^ar : ar^-^ar"^, Bee, 

That is, the first term is to the second, as the difference 
between the first and second, to the difference between the 
eecond and third ; and as the difference between the second 
and third, to the difierence between the third and fourth^ &;o« 

Cor. If quantities are in geometrical pcogression, theij^ 
differences are also in geometrical progression. . 

Thus the numbers 3, 9, 27, 81, 243, &c. 

And their differences 6, 18, 54, 162, ^c, are in 
gedtnetrical progression. 

375. Problems in geometrical progression, may be solved, 
as in other parts of algebra, by means of equations. 

Prob. 10. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. .. . 

Let the three numbers be a:, y and z. 

By the conditions, a? : y : : y : a?, or xz=y^ 

And x+y+zs=14t 

^ And a?24.y2+jg3:t3:84 

. Aos. 2, 4 and 8« 

Prob. 11. ^here are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584. 
What are the numbers 'i 7 -r A >^ V 

Prob. 12. There are three numbers in geometrical progres- 
: sion : the sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 ^ 'Z - V -^ 
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Prob. 13. Of four numbeea in geometiical ^grogi^teton, 
the sum of the first two is 15^ and the suni of the laitt two 
is 60- What are the numbers 1 . v < ; • -. 

' r Prob/ 14. A.geBtleman divided 210 dollars araobg three 
serrants, in such a manner that their portions were in geo' 
metrical progression ; and the first had 90 dollars more than 
thelafit. How much had each 1 ' / \'- / ^ -' '/ 1 -^ 

"Prob. 15. There are three number^ in geometrical pro- 
gression, the greatest of which exceeds the least by 15 \ and 
the difierence of the squates of the greatest and tjie least, 
is to 'the sum of the squares of all'the three numbers as 5 to 
7. What are the numbers 1 ' l- ' ': ' '^ '. 

, Prob. 16.. There; are four numbers ingaom^trieid progres- 
sion, the second of which is less than the fourth by 24^ aad 
the sum of the extremes is to the sum of th^ me^ns as 7 to 
3. What are the numbers 1 J -. ^ 

. . ■ ^ ■ • /• ■■.-■ /' 

■ • - > - ■ ' . •• • -• ' j 

SECTION XV. 

BVOLUTION OFCOMPOtJND Q tf A N T^I T I E S . 

376. Rule. — ^I. Strange the terms according to the powers 
of one of the Inters, so that the highest power shall stan& first ^ 
the neau highssst next^ Sfc. 

XL Take the root of the first term^ for the firsf term of the 
required root: 

* III. Subtract the power from the given quantity y and divide 
the first term of the remainder by the first term of the root in 



Quest. — ^How should th^ terois be arravgped to tfztraottltt: root of a comn 
pound quantity ? What are the other steps ? 
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vohed to ike n&Bi inftrior power and mnifipiied by the index 
of the given power ^^ thr quotient mil be (he next term of the 
root. 

IV, Subtract the power of the terms^ already found from the 
given quantity^ and using the same divisor^ proceed as before* 

Proof. This rule verifies itself For the root, whenever a 
new term is added to it, is involved, for the purpose of sub- 
tracting its power from th6 given quantity: and when the 
power is e^l to this quantity, it is evident the true root is 
found. 

1. Extract the cube root of 
a% the first subtrabeiid. 



3a*)* 3a*, &c., the first remainder. 

a6«|_3a*_|_3a*-|-a', the 2d subtraliend.. 
3^4) • • — 5^4^ ^c,^ ttj^ 2d remainder. 

o«4.3afi— 3a*— Ila3+6a2^12a— 8. 

2. Find the 4th robt of o*+8o'+24a34.32a-[-16.«-' U + ^ 

3. Find the Sth^root of a^+da*b+10aH^+10a^b^^5ab^ 

-f^- tL ^ r- J 

4. Find the cube root of a»— 6a2d+12a6^— SJ^: Ci^ 2r 
.' 5. Find the 2d root of 4m^—12c^ ^ U^+ieah—aibh 

N. B. In finding the divisOr in the 5th example, the term 
2a in the root is not involved, because the power next below 
the square is the first power. 

• By the given power is meant a power of the same name with the re- 
quired root. As powers and roots are correlative terms, any quantity is 
the square of its square root, the cube of its cube root, &c. 
20 
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377. The aquart root amy be extracted by the following 

Rule. I. Arrmng* the tenM of the gittn qnantiiy according 
to the power $ of one of the letters j take the root of the first term^ 
for the first term of the required root^ and subtract the power 
from the given quantitjf* 

IL Bring down two other terms for a dividend. Divide by 
double the root already founds and add the quotient both to the 
rootj and to the divisor* Multiply the divisor thus increased^ 
into the term last placed in the ropt^ and subtract the product 
from the dividend, 

III. Bringdown two or three additional terms and proceed as 
before. 

Proof. Multiply the root into itself and if the product is 
equal to the given quantity, the work is right. 

6. What is the square root of 

a^+2ab+b^+2ac+2bc-\-c^(a+b+c 
a', the first sabtrahend. 

2a+b) • 2tU>+lP 

Into bss 2ab-\-b^, the second subtrahend. 

2a+2b^) • • 2ac+26c-|-c2 

Into cs 2ac<f 2te-|-c2, the third subtrahend. 

Proof The square of the. root a-^b^j is equal to the 
given quantity. 

For la+b)^^a^+2ab^^;i=.a^+{2a+b) X b. (Art. 97.) 

And substituting Asad^^^the square A^=&a^-f{2a-f-6)x^. 

And (a+*+c)2»=(A+c)2=A2+(2A+c)xc ; 
that is, restoring the values of h and A^, 

(a^+c)^^a^+(2a+b) x b+{2a+^+c) xc. 

In the same manner, it may be proved, that, if another 
term be added to the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

QuEST.--TWbat 10 the rule for extracting the square root t 



'.^ 
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The demonstration will be substantially the same, if some 
^ of the terms be negative, 

/-^ ^f^%^¥ind the square root of 1— 46-f-46'-f2y— 4^y+y3^ 

8. Find the square root of a«-~2a«-f 3a*— 2a'4-a3.^^ > — (X ''-f ^^ 

9. Find the square root of a^^^aH+Aib^'--4Ki^'—Sb-\'i.CL''^2>'-l 
378. It will frequently facilitate the extraction of roots, to 

consider the index as composed of two or more/oc^or9. 

t Thus ai=a^^i Anda*==:fl*^i That is, 

The fourth root is equal to the aquJare root of the square 
root; 

The siasGi root is equal to the square root of the cuhe root ; 

The eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth root, therefore, we may first extract the 
cube root, and then the square root of this. ^ 

10. Find the square root of a?* — 4a?^-|-6a?2— 4a?-j.i, \C " ^ y 4 / 

11. Find the cube root of a?«— 6a?«-|-15a?*— 20a?*4-15*^X^" '- 
— 6x+l. 

12. Find the square root of 4a?*— 4a:^+13a:2^6a?+9. 7 /^- y ^ 2 

13. Find the 4th root of 16a*— 96a'a?+2l6a2a?2— 216aa?»:^^ 

+81^*. ^"^"'^^ 

14. Findthe6tlirootofa?*4.5a?* + 10a?»+10a?2^^ap4-l. / V / 

15. Find the 6th root of a«— 6«^*-fl6a*A2_20a*A» 



Quest. — How may the extraction of roots be iadHtaled ? What is the 
fourth root equal to ? The sixth ? The eighth ? How then may we find 
the sixth root ? 



5232 
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SECTION XVI. 



APPLICATION OF ALGEBRA TO GEOMETBr.* 



Art. 379. It is often expedient to make use of the alge- 
braic xiotfition, for expressing the relations of geometrical 
quantities, and to throw the several steps of a demonstration 
into the form of equations. By this^ the nature of the rea- 
soning is not altered. It is only translated into a different 
language. Signs are substituted for words, but they are in- 
tended to convey the same meaning. A great part of the 
demonstrations in geotnetry really consist of a series of 
equations, though they may not be presented to us under the 
algebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to 
two right angles, (Euc, 32. 1,) may 
be demonstrated, either in cdmmon 
language, or by means of the signs 
used in algebra. 

Let the side AB, of the triangle 
ABC, (Fig. 1,) be continued to D ;., 
let the line BE be parallel to AC ; 
and let GHI be a right angle. 

T^e demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle BAG, (Euc. 29. 1.) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the angle EBD added to CBE, that is, the 

angle GBD, is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC, the angle CBD 

added to ABC, is equal to BAC added to ACB and ABC. 




* This sectioa is to be read after the Elements of Geometry. 
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5. Bat CBD added to AfiC, is equal to twice 6HI, that is, 

to two Tight angles. (Eqc. 13. 1.) 

6. Therefore, the angles BAG, and ACB, and ABC, are 

together equal to twice GHI, or two right angles. 
Now hy substituting the sign 4^, for the word addedy or and^ 
and the sign =, for the word egualy we shall have the same 
demonstration in the following form. 

1. By Euclid 29. 1. EBD=BAC 

2 And CBE^ACB 

3. Add the two equations EBD-J-CBE ^BAC+ACB 

4. Add ABC to both sides CBD+ABC^BAC-fACfi«fABC 

5. But by Euclid 13. 1. CBD+ABC=2GHI 

6. Make the 4th and 5th equal BAC-fACB+ABC=2GHI. 

By comparing, one by one, the steps of these two demon* 
strations, it will be seen that they are precisely the same^ 
except that they are differently expressed. 

380. It will be observed that the notation in the example 
just given, differs, in one respect, from that which is gene- 
rally used in algebra. Each quantity is represented, not by 
a single letter^ but by several. In common algebra when one 
letter stands immediately before another as ab, without any 
character between them, they are to be considered as multi" 
plied together. 

But in geometry, AB is an expression for a single line, and 
not for the product of A into B. Multiplication is denoted, 
either by a point or by the sign x. The product of AB into 
CD, is AB . CD, or AB x CD. 

381. There is no impropriety, however, in representing a 
geometrical quantity by a single letter. We may make b 
stand for « line or an angle, as well as for a number. 

20* 
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Iff in the example aboVe, we put tbe angle 
EBD=a, ACB^rf, ABC:=:ft, 

BAC=ft, • CBD^g, GHI=/, 

CBE=c, 
the demoDstratioti will stand thas : 

1. By Euclid 29. 1, J a=b 

% And c^d 

3. Adding the two equations^ a-\-Cs=ib^d 

4. Adding h to both sides, g4.^s=6-|^-|-A 

5. By Euclid, 13, 1, g+h=.^ 

6. Making the 4th and 5th equal, b-}rd-\-h:^il. 

This notation is apparently more simple than the other ; 
but it deprives us of what is of great importance in geo- 
metrical demonstrations, continual and easy reference to 
the figure. To distinguish the two methods, capitals are 
generally used for that Which is peculiar to geometry ; and 
small Utters^ for that which is properly algebraic. 

382. If a line whose length is meas- ?ig* 2. 
ured from a given point or line, be 
considered positive ; a line proceed- 
ing in the oppo^te direction must be 
considered negative. If A3 (Fig. 2,) " 
reckoned from DE on the ^right, is 
positive ; AC on the left is nega- 
tive. 

Hence, if, in the course of a calculation, the algebraic value 
of a line is found to be negative ; it must be measured in^a 
direction opposite to that which, in the same process, has 
been considered positive. (Art. 162.a.) 

383. In algebraic calculations, there is frequent occasioa 
for muliiplicaiionj dipision^ involution^ &€. But how, it miay 
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be asked) cnn geOmUrical qaantities bd multiplied into each 
otbqr 1 One of the factors, in multiplication, id always to 
be considered as a rmmber. The operation consists in re- 
peating the multiplicand as many times as there are units in 
the multiplier. How then can a line, a surface^ or a solid^ 
become a multiplier 1 

To explain tbis it will be necessary to observe, that when* 
^ver one geometrical quantity is multiplied into another, some 
particular eaiieni is to be considered the unit. It is immate- 
rial what this extent is, provided it remains the same in dif- 
ferent parts of the same calculation. It may be an inch, a 
foot, a rod, or a mile. If, for instance, one of the lines be a 
foot longi and the other half a foot ; the factors will be, one 
12 inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re- 
peated as often as another is long / yet there is no impro- 
priety in saying, that one is to be repeat^ as many times as 
there are feet or rods in the other. This, the nature of a 
calculation often requires. 

384. If the line which is to be the multiplier, is on y a part 
of the length taken for the unit, the product is a like part of 
the multiplicand. (Art. 71.) Thus, if one of the factors iis 
6 inches, and the other half an inch, the product is 3 inches. 

385. Instead of referring to the measures in common use, 
as inches, feet, &c., it is often convenient to fix upon one of 
the lines in a figure, as the unit with which to compare all 
the others. When there are a number of lines drawn within 
and about a circle^ the radius is commonly taken for the unit. 
This is particularly the case in trigonometrical calculations. 

386.^ The observations which have been made concerning 
lines, may be applied to surfaces and soli Is* There may be 
occasion to multiply the area of a figure by the number of 
inches in some given line. 
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But, here. itndiher difficuky presents itself. The prodact 
of two lines i^ often spoken of as being e^uftl to a surfact ; 
and the product of a line and a surface as equal to a solid. 
But if a line has no breadthy how can the multiplication, that 
is, the repetitions of a line produce a surface 1 And if a snr" 
face has no thickness, how can a repetition of it produce a 
solid 1 , . 

387. In answering these inquiries it must be adnutted, that 
measures of length do not belong to the same class of mag- 
nitudes with superficial or solid measures ; and that none of 
the steps of a calculation can, properly speaking, transform 
the one into the other. Bdt, though a line cannot become a 
surface or a solid, yet the several measuring units in com- 
mon use are so adapted to each other, that squares, cubes, 
&;c., are bounded by lines of the same name. Thus the side 
of a square inch is a linear inch ^ that of a square rod, a 
linear rod, &;c. The length o( a Knear inch is, therefore, the 
same as the length or breadth of a square inch. 

If then several square inches are _ Fig- 3. 

placed together^ as from Q to B, 
(Fig. 3,) the number o{ them in the 
parallelogram OR is the same as the 
number of linear inches in the side 
QR : and if we know the length of 
this, we have of course the area of 
the parallelogram, which is here 
supposed to be one inch wide. 

But, if the breadth is sweral inches, the larger parallelo* 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram AC, (Fig. 3,) is 5 inches long and 3 inches broad, it 
may be divided into three such parallelograms as OR. To 
obtain, then, the number of /Squares in the large^ paiallelo* 
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gram, we have only to multiply the number of squares in one 
of the small parallelograms, into the number of such paral* 
lelograms contained in the whole figure. But the number of 
square inches in one of th^ smajl parallelograms is equal to 
the number of linear inches in the length AB. And the num- 
ber o£ small parallelograms is equal to the number of linear 
inches in the breadth BC. It is therefore said concisely, that 
the area if a paraUelogram is equal to iis length multiplied 
into Us breadth, 

38S« We hence obtain a convenient algebraic expression) 
for the area of a right-angled parallelogram. If two of the 
* sides perpendicular to each other are AB and BC, the expres- 
sion for the area is AB X BC ; that is, putting a for the area, 
a=ABxBC. 

It must be remarked, however, that when AB stands for 
a line^ it contains only Jinear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
tain superficial units of the same name 

389. The expression for the area 
may also be derived by another me- 
thod more simple, but less satisfac- 
tory perhaps to some. Let a (Fig. 
4,) represent a square inch, foot, rod, 
or other measuring unit; and let b 
and I be two of its sides. Also, let 
A be the area of any tight-angled 
parallelogram, B its breadth, and L its length. Then it is 
evident, that, if the breadth of each were the same, the areas 
would be as the lengths ; and, if the length of each were the 
same, the areas would be as the breadths. 

That is, A : a : : L : /, when the breadth is given ; 

And A : a : : B : 6, when the length is given i 

Therefore, A:ai:Bxh:bX I, when both vary. 

That is, the area is as the product of the length and breadth. 



Fig. 4. 
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t390. Hence, in quoting the elements of geometry, the term 
product i$ frequently substituted for rectangh. And What- 
ever is there pf oved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which con- 
tain the rectangles. (Legeridre 166 ) ' 

391. The area of an oblique paralldogram ii^ also obtained 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram A6NM (Fig. 
5,) is MN X AD, or AB x BC. For by Art. 388, AB x BC is 
the area of the right angled parallelogram ABCD; and by 
Euclid 36« ], parallelograms upon equal bases, and between 
the same parailelsi are equal; that is, ABCD is equal to* 
ABNM. 



Fig- 5. 
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392. Ttie area of a square is obtained by mul;ti)>lyiag one 
of the sides into itself. Thus the expression for the area of 
the square AC, (Fig. 6,) is (AB)2, that is, a=(ABy. 

For the area is equal to AB x BC. (Art. 388.) 

But AB=BC, therefore, AB xBC=AB x AB*=*(AB)a. 

393. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle ABG, 
(Fig. 7,) i& equal to half AB into GH or its equal BC, that is, 

fl=«^ABxBC. 
For the area of the parallelogram ABCD is ABxBC, 
(Art. 38SJ) And by Euclid 41. 1, if a paraHelogram and a 
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ttiangle are upon the same base, and between the saooe paral^ 
lels, the triangle is half the parallelogram. (Leg. 168.) 

394. Henee, an algebraic expression may be obtained for 
the area oC any figure, whatever, which is bounded by right 
lines. For every such figure may be divided injto triangles. 

Fig. 8. , D 
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Thus the right-lined figure, ABODE (Fig. SJ is composed 
of the triangles ABC, ACE and ECD. 

The area of the triangle ABCzrz^AC x BL, 

That of the triangle ACE^iAC x EH, 

That of the triangle ECD=:pCxDG. 

The area of the whole figure is, therefore, equal to 
(^AC X BL)+(iAC X EH)+ (iEC X DG). 

395* The expression for the superficies has here been de- 
rived from that of a /me or lines. It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. 

If the number of square inches in the parallelogram ABCD 
(Fig. 3y) whose breadth. BC is 3 inches, be divided by 3^ 
the quotient will be a parallelogram, ABEF, one inch wide, 
and of the same length with the larger one. But the length 
of the small parallelogram is the length of i^ts side AB. The 
number of square inches in one is the same as the number 
of iinear inches in the other. (Art. 387. y If, therefore, the 
area of the large parallelogram be represented by a, the 
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side AB=: httj ^^^^ ^s> ^^ length of a parallelogram is found 

by dividing the area by tkt breadth. 
If a be pul for the area 4>f a square whose sidct is AB, * 
Theu by Art. 392, a=<AB)a, 

And extracting both sides -/ a==AB. 

That is, the root of the square is founds by extracting the 

square root of the number of measuring units in its area. 

396. If AB be the base of a triangle and BC its perpen- 
dicular height ; 

Then by Art. 393, a=pC x AB 

And dividing by ^BC, -y^:=AB» 

That is, the base of a triangle isfound, by dividing the area 
by half the height. 

397. As a surface is expressed by the product of its length 
and breadth ; the contents of a solid may be expressed by 
the product of its length, breadth and depth. It is necessary 
to b^ar in mind, that the measuring unit of solids is a cube ; 
and that the side of a cubic inch is a square inch ; the side 
of a cubic foot, a square foot, &;c. 

Let ABGD (Fig. 3,) represent the base of a parallelopiped, 
five inches long, three inches broad, and one inch deep. It 
is evident there must be as many cubic inches in the solid, 
as there are square inches in its base. And, as the product 
of the lines AB and BG gives the area of this base, it gives, 
of coarse, the contents of the solid. But suppose that the 
depth of the parallelopiped, instead of being one inch, is four 
inches. Its contents must be four times as great. If, then,- 
the length be AB, the breadth BC, and the depth GO, the 
expression for the solid contents will be, ABxBCxGO. 

398. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
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e^noise^ than tn ordmary langufige^ The propotdtion, (Eoc. 
4fi 2^) thai when a etiaight line is divided into two part?, the 
oqaare of the whole line .ie equal to the equates of the two 
parts, together with twice the product of the parts, is demon* 
atrated^ hy iuTolTing a bindmial« * 

Let the side of a' sn^fuare be represented by 55 
And let it be divided into two parts, a and ft; '^ 

By the supposition, . s=a+b ' . ... ^ 

And s(j^uaring both sides^ . s^=a^+2ab+b^. . 
That is, s^ the sqi^are of the whole line^ is^equal to a^ aa4 
5^, the squares of the two j^arts, tog^^ether,with 2fl0, twice the 
product of the parts. . , 

599. The algebraic notation may also be applied, with great 
advantage, to the solution of geometrical problem^' In doing^ 
this, it will be necessary,^ in the first place, to raise an alge- 
braic equation fromrthe geometrical relations of the quanti- 
ties given and required ^ and then by the usual jpeductions, 
to fin J the value of the unknown 
quantity in this equation. 

Profct; tJiven the base, and the / 
sum of the hypothenuse and per- 
pendicular, ot the right angled 
triangle ABO, (Fig. 9,) to find the 
perpendiie^lar; > ' . ' r / " ■ 

Let the base . ' . AB=^b 

The perpendicular ^C.=:^a? 

The sum of hyp. and perp. ..a?-}rAC=a 
Then transposing a?, AC=a— a? 

1. By Euclid 47. 1, (BC)2+(ABX*-r(AC)? • 

2. That is, by the notation, x^+b^=(a''Xy=a^-^Xr\'CC?. 

And, fP=:-^--- — =BC, the side jrequired. Henof^,.< • •. 
21 
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. ^bia right angled triangicj the perpendietLlar if fqfud 49 

tU^aquart of tkt turn tf the kypathenuae and perpindicular^ 

4imin%9hed inf the square of the baee, and dinided by twue /Ae 

eumofthehypothenuaeandferpendicularJ 

It is applied to particular case* hf siibstitntinf nwmbers for 

the letters a and b. Thus if the bas^ is 8 feet, and the sUm 

of the hypothenuse and perpendicular 16^ the eip(resaion 

02.^2 162—82 

— ^- — becomes-^ — -^=6, the perpendicalar ; and this 

subtracted from 16, the sum of the hypothenuse and perpen- 
Aicnlar, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the baee and the difference of the hypothe- 
nuse and pejrpendicular pf a right angled triangle, to find the 
perpendicular. . 

Fig. 10. Fig. 11. 
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Let the base (Fig. 10,) AB==J:f20 

The perpendicular BC«a? 

The given difference of AC and BC =:(27;;10» 



Then will the hypothenuse 

1. Then by Euclid 47. 1, 

2. That is, by the notation, 

3. Expanding {x+d)^^ 

4. Therefore. 



AC=:a:-frf. 
(AC)2=(Afi)2+(BC)a 
(x+dy=b^^K^ 
z^+2dx-\-d^^b^+x^ 
b^^d^ 



d?=- 



2d 



= 15; 



' Prob. 3. If the hypothenuse of a right angled triangle, is 
30 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 
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Prob. 4. If the faypothenuse of a right angled tviangle is 
50 rods, and the base is to the perpendicular a8^4 to 3^ what 
is the length of the perpendicular 1 

Prob. 5. Having the perimeter and the diagonal of a paraitr 
lelogram ABCD, (Fig. 11,) to find the sides. 

Let the diagonal AC«>i4aiBlO 

The>side AB"*^ 

Half the perimeter BC+AB-«BC-|-«=:5-*l4 

Then by transposing a?, BC«b6 — x. 

Prob. 6. The area of a right angled triangle ABC< (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Fig. 12. Fig. 13. 
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Prob. 7. The three sides of a right angled triangle, ABC,^ 
(Fig. 13,) being given, to find the segments made by a per* 
pendicnlar, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle into 
two right angled triangles, BCD and ABD. (Euc. 8. 6.) 

Prob. 8. Having the area of a 
parallelogram DEFG (Fig. 14,) in- 
scribed in a given triangle ABC, 
to find the sides of the parallelo- 
gram. 

Draw CI perpendicular to AB. 
By supposition, DG is parallel to 
AB and C. 



Fig* 14. 
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' Prob. SF.' Through a given point, 
in a giv^en circle, so to draw a 
right line, that its parts, between 
tke* poiht lind the periphery, shall 
have a given difiereBce. 

In 'the circle AQBR, (Fig. 16,) 
let P be a given point, in the dia- 
meter AB. 



Fig. 15. 




Prbb. 10. If the sum of two of the sides of a triangle be 
1155, the length of a perpendicular drawn from the angle 
included between these to the third side be 300, and the dif- 
ference of the segments m^de by the, perpendicular, be 495 ; 
what are the lengths of the three sides 1 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the right angle 
on the hypothenuse be 144 ; what are the lengths of the 
sides % 

Prob. 12. The difference between the diagonal of a square 
apd one of its sides being given, to find the length of the 
sides. , 

Prob. 13. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on tbe base, in the same manner, 
as the parallelogram DEFG, on the base AB, (Fig. 14.) 

Prob. 14. Two sides of a triangle, ^nd a line ibiseeting the 
included angle being given; to find the length of the biase 
or third side, upon which the bisecting line falls. 

Prob. 15. If the hypothenuse of a right angled triangle be 
35, and the side of a squai^e inscribed in it, in the same man- 
ner as the parallelogram BEDF, (Fig. 12,) be 12; what are 
the lengths of the other two sides of the triangle V 
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Prob. 16, The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of eadi of the sides. 

Prob. 17« A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gtBVel widk 1 

Prob. 18. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one-sixth of the area is 125 square rods. 
What «re the lengths of the sidefrl 

Prob. 19. There is a right angled triangle, the area of 
which is to the area of ia given parallelogram as ( to 8. The 
shorter aide of each is 60 rods, and the other side of the tri- 
angle adjacent to the r^ht angle, is equal to^ the diagonal of 
the parallelogram. Required the area of each* 

Prob. 20. There are two rectangular vats, the greater of 
which containjs 20 cubic feet me«e. than the other. Theit 
capacities are in the ratio of 4 to 5; and their bases are 
squares, a side of each of which is equal to the depthrof the 
other vat. Required the depth of each 1 

Pjob. 21. Given the lengths of three perpendiculars^ drawn 
from a certain point in an equilateral triangle, to the three 
sides, to find the lengths of the sides; 

Prob. 22. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods les^ 
than 9 times the breadt)i of the street ; and the number of 
square rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. What is the area of the 
square ] 

Prob. 23. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
opposite sides: to find the lengths of the sides. 
21* 
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• /'j 1. What two nvmbezs are tlia^e whose .difference is 10^ 
- A and if 15 be added to their sum, the amount will be 431/(^ — C 
. 2. There -are two lyimbera whose difference i a 14; aad if 
9 times the less be subtracted from 6 times the greater, the 
remainder will be 33. What are the numbers \ ^3/*^ / V 

3. What number is that to which if 20 be added, .andnroirn 
\ of this .sum, 12 be subtracted, the remainder will be 10 \ J^ 

4. What number is that, ^, -J^ ari^ f of which being addei 
together will make 73 1 ^/ 

5. A and B lay out equal sums of money in trade j A ^ains 
iBl20, and B loses j680 ; and now A^s money is triple that of 
B. What sum had ea^ at irst 1 /^ ( * 

6. What number is that,- J of which exceeds } T)y 72 1 ^^i^ 

7. There are two numbers whose sum is 37 ; and if 3 times 
the less be subtracted from 4 times the greater, and th^ re- 
mainder be divided by 6, the quotient will be 6: What are 
the numbers] /r - // 

' ^. A man has two children, to \ of the sum of whose ages 
if 13 be added, the amount will be 17; but if from half the 
differencef of their ages 1 be subtracted, the remainder will 
beli. What is the age of each 1 ' ^ - 

9. A messenger being sent on business, goes at the rate of 
6 miles an hour ; 8 hours afterwards, another is dispatched 
"^ith countermanding orders, and goes at the rate of 10 miles 
&11 hour. How long will it take the latter to overtake the 
formerl / 'j i 
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10. To find two numbers in the proportion of 2 to 3 whose 
product shall be 54>. (j ^^ d 

^ 11» A tnan agreed to give a laborer 12«. a day for every 
^'day he woriced, but for every day he was idle he should for- 
feit 8«. After 396 days they settled, and their account was 
even. How many days' did he work 1 / i ,* 

12. To find a number to the sum of whose digits if 7 be 
added, the result will be 3 times the left hand digit \ and if 
from the number itself 18 be taken, the digits will be inverted. 6" - 

13. A merchant has two kinds of tea^ one of which is worth 
9^. 6(2. per pound, the other 13^^ 6i. How many pounds of 
each must he take to form a chest of 104 lbs. which will be 

.worth je56 1 y/- X : 

14. To find & tiumber consisting of two digits, the sum of 
which is 5 ; and if 9 be added to the number itself, the digits 
will be inverted. J^ ^ - 

15. There is a certain fraction such, that if you add 1 to 
its numerator, it becomes \ ; t>ut if you add 3 to^its denomi« 
nator, it becomes \. Bequired the fraction. ^^^ 

16. Out of a cask of water, which had lealced away one 
' third, 21 gallons were drawn, and then being gauged, it was 

found to be half full. How many gallons did it hold ? J j /.^ 

17. It is required to find two numbers whose difference is 
7, and their sum 33. >V // 

18. At a town meeting 375 votes were cast, and the per- 
son elected to office had a majority of 91. How many votes 
had each candidate ^ jl^ t 2 'b D 

19. A post stands ^ in ttie ground, ^ in the water, and 10 
feet above the water, What is the whole length of it 1 2y 

20. A young man the first day after his arrival at New 
York, spent i of his mpney, the second day J, the third day 



^, aiul he.tbenhad wly 26 doUArs. UiU Howm^oU dkd: he 
have at first? /, • - . 

?1, A per^oo being A8ke4 }»is aigeiftnswered ibat f of ihis 
age ^ultiplifi4 bjt^ 9^ h|s age^, womU giv6 al pcoduct e(|u«l 
to his age. Hpw many.y.^fir& c^4 yr%tk he 1 /^' ..'. 

22. A man leased a house f«^ 99 y<ears ;,. and being asked 
hew much of the.tiinehad expired^ lepUfd that tv(p9 thiirds 
of the time past was e^i^^l to four fifths 9(. the t^me to pome. 
How rnauy yeafs had. expired 'i 

. 23.^ On commencing the study of his prpfe^ion, a njian 
found that ^ of his life had been spent before^ he learned hia 
letters, ^ at a public school^ ^ at an aca^en^yi and ^^ yeans af 
college. How old was hel ^ ^. . 

. 24. It is required to find a number such* that whothex it 
be divided into two, or three eqi^al pavtsi ^e, [iroduct .of its 
parts will be equal. 

25. Two persons, 15^^miles a|)aTt, set out at the same time 
to meet each other, one travelling at the rat^ of 3 miles in 2 
hours, the other 5 miiles in 4^ houTs. How long before they 
meetl 

26. A man and his wife usually drank, a cask of he^jt ia 12 
days, but when the man was absent^ it lasted the lady 3Q 
days. How long would it last the man, if his wife yrere 
absent 1 - •' -^ ' •■' -.•..•.•• i .^- .. . ^" ^ ^ 

27. A shepherd being asked how many sheep he had, re- 
filled if he had as maiiy more* half as many more, and 1\ 
sheep, he would then hia ve 500. 'How many had hel 

28. A farmer hired two men to do a job of work for him 5 
bne could do th6 work in 10 days, the other in 15. ftow 
long would It take both together to do the same work t ^^ 
/ 29. A scafiTold of hay will keep 5l horses o^j^oxen, 6I days. 
^ How long^ili iVkeep 2 horses and 3 dxen 1 / 
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30. A And B together can bttild a boat in 520 days ; with the 
assistance of : C, they ean d& it in 12 days Hovr long would 
it take C tQ build the boat 1 

31. There is a eistem with twb aqueducts; one will fill it 
in 30 iniqutesy the otjier. wiU empty it ia 40. How long will 
it take to lili it, if both run togpthes 1 . / 

32. Required to divide 1 6hiUiog into p^iic« and farthings 
in such a proportion that there may be 39 pieces. 

33. A man divided a small sum of money among his chil- 
dren in the following manner, viz. to the first he gave \ of 
the whole +4 pence, to the second ^ of the remainder +8 
pence, to the thif d •}■ of the remaiikder + 12 pence, and so on, 
giving to all an equal sum till he had distributed the whole. 
Required the number of shares and the sum distributed. / 

y 34. A hare has 50 leaps the start of a hound, and takes 4 
leaps while the hound takes 3 ; but 2 leaps of the hound are 
equal, to 3 of the hare. How many, leaps will the ; hound take 
in catching the hare V ^). . . > 

35. A cistern holding 43 gallons, is to be filled in 12 
minutes by 2 pipes running alternately. The first runs 4 gal« 
Ions a minute, and the second 3 gallons a minute* How long 
did each run 1 

36. A and B start at the same time and place to go round 
an island 600 miles in cireumference. A goes 30 miles a 
day, and B 20. How long before they will both be at the 
starting point together, and how far will each have travelled 1 

37. A has j£100, B £4*8. A robber takes twice as much 
from A as frpm B. A now has 3 times us much as B. What 
was taken from each ? 

. 38. It is required to divide 1200 dols. between A, B and 
C ; B has 256+^ of A's share ; C has 270+i of B's. What 
was the share of each 1 % , 
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39. There are 3 pieces of dotli' of Aiftnreiit ralue. The 
average price of the £i^st imd feeeondia 7dol9.'per yard, that 
of the second and third is 9 doU., and the averagfe price of 
alllsf of the thifd. What aif 4be 9eyeral priceal / 2 •" ? " ^ 

40. A pipe will fill a cistern in 11 hours. After running 
5 hours another is opened, and then the two fill it in 2 hours. 

In what tini#triMil4 the last fill it 1 \ A - 

• .. • . .. ^ , ^ ..\^ ,-t) . \... , • 

41. A man bought a cask of \vine, and |^of it leaking out, 
lie sold the rest at $2.50 per gallon and neither gained nor 
lost by his bargain. What did he give per gallon for his wine % 7 

/-^ 42. A and B start at the. same time and in. t]pie same direcT 

^ tion, bat directly oppp^it^^: e^ph c^ln^t ^P C^ rpand a.circ<ilav 

pond 536 yards in circumference ,. A goes 11 yar4l> a miniate 

and B 34 in 3 minutes^ In how long time will B overtake A 1 

48. A ^ipe fills •}• of a eistera in 1 hour; 2 ho^ipaafler an- 

N^other is opened and would 'hare hastened the filing of it. 1 

X.hour ; but 2 hours after, a third begins to discharge, and 

the; cistern is finally filjktdia.t^d lime: the; fixst would .have 

4Ued it* Req^uired the time of tlie second ia filling it, or the 

third in emptying it 1 v // ^ , 

44. A young man commencing business with a determina- 
lion to become rich^ si^>pOTted'liimi5elf ftxv $500 a y^ar, and 
at the close of every year increased His property by a third 
part of what remained after his expenses were deducted. 
In ^ve years he was worth $104^400. Whaf was his origi* 
nal stock 1 
. ^'^4fb. At noon the hour and minute hand of a clock are to- 
f; gether. How soon will they be together again 1 / ' 

46. A gentleman bought 5 bitfsbels of wheat and 6 of corn 
^ for Qls. *y be afterwards bought 4 bushels of wheat and 3 of 
^ corn for ISs. What did ke pay per bushel fdr each ? 
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47. A farmexHred^ men and 8 boys for a week, a&d paid 
them $40 ; the next week he hired 7 men and 6 boys fox. 
^j5Q. How much did he p^y each by the week 1 . i*^ 

48^ Divide 72 into four such pans that the fitst increased 
by 5, the second <liminished by 5, the third multiplied by 5, 
and tfaefouttth diTided by'5, the sum, diftrenee, product and 
quotient, will be equal 1 , - - / - ' 

491 A abd B can print ^a celrtain work in B day«, A and G 
in 9 days, B and G in io days. How long would it take each 
one alone to do the work? S^" h Vt- i^ i^^ ^-^ 1- 

ho. *rbree'b6y's were playing marbles; the nrst game, A 
loses to B and G, as many as each of them had at the begin- 
ning ; ne^t,B losses to A and C, as many as each of them 
had at the end of the first game; last, C lasies to A and 
B, as many as each of them 'had at the end of the second 
gaarei. ' ' Saeh 'then hkd- 16 tnadbUs. Ho^' 'ttiaiiy had teoh at 

51. It is required to find two numbers whose product shall' 
be 54, and the drffirenee of their^' squares 45. (^ - y 

5^. Required the side of a rectangular field which contains * 
1584 square rods, and its length exceeds its breadth by 8 rods. 

53. The united ages of a .np^f^ and his. wife .were 4^ years, 
and the product 9f their ages 432, y^)}^\ ^^^ ^^^ ^&^ ^^ 
eackl ^ . 

. 54* A single lady, being asked her «|j;e^ ci^ns^ered ,the 
question impertinen^ s^pdjgave ap ejV^siY.e..qf)swer,.^ing; " if . 
you take 4 years from my age, and e^irtract the square root, 
of the remainder, and multiply the root by 4,' and add 4 to 
the product, the sum will be 24." What was her age 1 ^ !} 

55. A peach orchard which contained 900 trees was so 
planted, that there were 1 1 rows more than there were trees 
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in a row> Hdw many ?ows were tfaerft, and how many trees 
in each row ^ \L ^ ^l ^ 

56. A man purchased a tract of land m a square form, 
which contained as many acres as there were rails in the 
fence by whloh it was enclosed | the raiU were 11 feet long^ 
and the fence was 4 rails higb< How «naay acves did the 
tract contain 1 J 1 J "^ ■» 

57. A maxxbof ght 80. pounds of pepper, and 36 pounds of 
saffron, so that for 8 crowns he had H; pounrds of pepper 
more than of saffron for 26 crowns ; and the amount he laid 
out was 188 crowns. How many pounds of pepper did he 
buy for 8 crowns 1 

58. It jis required to find fopf numbers in aptbmetical pro* 
gression such, that the product of the eztrentes^.shall be 45, 
taxi the product of the m^ann 77, 2 ^ , \'t^-J - I T 

59. It is requti;ed to find three numd^rs. {nigeomeftrieal 
progression such, that their sum shall be 14, and the suin of 
their squares ^^, ') ^ I '^ 

60. The hypothenuse 'of a right angled triapgle is 13 feet, 
and the di^erence betiyeen the other two ^ides. is 7, Be- 
quired the sides.' A^ yS . . . , 

61. The perpendicular of a plane triangle^ is 300 feet ,* the 
sum of two of the sicies is Il50 feet, and the difference of the 
segments of the base is 4<95 feet.' 'Requirect the base ai^d the 
sides. 

62. In a plane triangle the base Js 50 feet, the area 7d6 
feet, and thedifiTetence of tbe sides is 16 ieet. Required the 
sides and perpendicular. . ' 

THE END. 



In the hurry of bringing out this edition some errors, al- 
most as a matter of course, have crept in. Care will bo 
taken to have the future editions accurate. A few hundred 
copies have gone out without these corrections. 

ERRATA. 

Page 44, Art. 91, Ex. 2, for 2a dollars, read Sa dollars. 

" 134, 4 lines from bottom, for read r-r~. 

* hXy h-\-y 

" 163, line 7, for ^=d^, read ^—d'^, 

" 192, line 7, for a^-i-a, read a^-^a^. 

" 239, Ex. 17, for {r^y)^^, read {r^y^f. 

" 263, Ex. 17, iov first number^ redA first member. 

" 277, Case I, for one or two^ &c. read one of two, 

" 308, line 7 from bottom, for one compound of^ 
read one compounded qf, &c. 

" 223, " 365, lines 5 and 6, for a-\^ and ar^-{-r^ read 
aXr, &c. 



" 68, 

« 93, 

" 110, 

" 138, 

" ,156, 

" 173, 

" 193, 
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